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Abstract

A planetary gear is modeled in this work. The equations of motion and the eigenfrequencies
are recovered. The computation of the dynamic response is made using the spectral iterative
method. The procedure is based on a modal approach with developments in the frequency
domain. This technique has been successfully used and its convergence was quickly reached.
Good agreement was obtained compared with the standard Newmark method. The dynamic
response of the planetary gear is given directly in the frequency domain. The inverse Fourier
transform gives the time response of the system.
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1. INTRODUCTION

Planetary gears are the most used transmission sets in heavy industry such as naval and
aeronautic applications that require the transmission of high torque. The modeling of the
dynamical behavior of planetary gear was widely treated in literature [1, 2, 3]. All the models
include a time varying gearmesh stiffness, which is considered as the main exciting source of
the system and is at the origin of the vibration observed [4, 5]. The computation of the
dynamic response in this case couldn’t be computed by analytical methods. Classical
perturbation methods [6] can be used to solve the problem. However, these methods are
essentially based on the assumption of small periodic coefficients, but as in many applications
this assumption cannot be justified and these methods are not always valid. Commonly used
procedures for finding the response are classical numerical time integration schemes like
central-difference, Runge-Kutta and the most known is the Newmark’s method [7]. Generally
these numerical integration time methods have some disadvantages because of the
requirement to eliminate the free response and to choose the integration time step carefully.
This is particularly true when the spectral content of the steady state response is broad and
marked by both low and high frequencies. For these reasons the computation times can highly
increase, in particular when the number of degrees of freedom of the system is high.

Methods based on Fourier series expansion present advantages compared to numerical
integration time methods [1]. They do not require the choice of an integration time step, and
they allow the error between exact and approximate solutions to be estimated. The spectral
iterative method is an extension to these methods [8]. It is based on an iterative scheme
developed in the frequency domain.

The spectral method is used to compute the dynamic response of the planetary gear and a
comparison with Newmark method is implemented to show the efficiency of this method.
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2. EQUATIONS OF MOTION OF THE PLANETARY GEAR

We are treating a problem of plane vibration of a one-stage planetary gear train with N planets
as presented in Fig.1. Sun (s), ring (r), carrier (c) and planets (p) are considered as rigid
bodies.

Bearings are modeled by linear springs. The gearmesh is modelled by linear springs acting
on the lines of action. Each component has three degrees of freedom: two translations u;, v;
and one rotation w;, with w; = r;, ©; (j = c,1,8,1,...N); #; is the base radius. Damping is not
considered here; nevertheless, it can be introduced in parallel with gearmesh and bearing
stiffness.

Radial and tangential coordinates u, v, describe planet deflections; Translations are
measured with respect to the frame (0,7, j,k ) fixed to the carrier and rotating with a constant
angular speed Q¢ in relation to a stationary reference frame. Circumferential planet positions
are specified by the fixed angles ¢, measured relatively to the rotating frame with ¢; = 0.

The displacements 5, and &, along the lines of action are expressed by [9]:
Oy, = Vg COS Py, —Ug SINQ, —U SINAg —V,COSAs+Wg+W, (1)
0,,=V,Co8Q,, —U.Sing, +u,sina, —v, cosa, +w, —w, (2)

with ¢, =¢,—ag andg, =@, +a, ; a; anda, denotes respectively the pressure angles of

sun and ring gears.

Applying Lagrange formulation allow us to recover the equations of motions of the 3N+9
degrees of freedom of the system. Assembling the equations in matrix forms leads to the
global equation of motion of the system:

M§+0Q,Gi + [ K, +K (t1)-2.K, |x=T 3)
x represents the vector of the degrees of freedom. It is expressed by:

T
x=<uc,vc,wc,ur,vr,wr,us,vs,wS,u,,vj,w, ...... uN,vN,wN> 4

Wy

Figure 1: Sun-planet and planet-ring gearmesh modelling.
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M represents the mass matrix. It is expressed by :

M. 0 0 0 0 0
0O M 0 0 0 0 j=crsl,..,N,
r m 0 0
M= 00 Mg 0 00 with: M- =l 0 m o |- & is the inertia moment of
0 0 0 M 0 0 Y J ' the j” element with respect
o o o0 o0 . 0 0 I/ij to its rotational axis.
0 0 0 0 - M,

The matrix G, which is the gyroscopic matrix, can be expressed by:

G 0 0 0 0 0
0 G 0 0 0 0
0 —2m, 0
0 0 G 0 0 0 : ! ,
G= with: G, =|2m, 0 0|;,j=c¢rsl,..,N;

0 0 0 G 0 0 ~ J

. 0 0 0
0o 0 0 0 - .
0 0 0 0 - G|

The bearing stiffness matrix K} is written as:

K, 0 O k, 0 0O
K,= 0 K, O |;where:K»=|0 £k, 0]
0 0 K 0 0 k,

ki, kv, kK, represent the bearing stiffness along the three degrees of freedom.j = ¢, 7, s.

The centripetal stiffness K , matrix is expressed by:

K,, 0 0 0 0 0]
0 K, 0 0 0 0
0 0 K, 0 0 0 m 00
K,= o ; Where: K, =|0 m, 0
0 0 0 K, 0 0 / /
: 0 0 0
0 0 0 O
0 0 0 0 ..K,

The gearmesh stiffness matrix is time varying. Generally a square wave form is adopted to
express this variation [6,10], the maximum value represents the gearmesh stiffness of two
pairs in contact, the minimum one represents single pair gearmesh stiffness. It can be divided
into a mean matrix and a time varying matrix:

K.(1)=K+K(t) (5)

K.(t) is expressed by :
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YK, 0 0 K, - K
1 N
0 Kr’} 0 KrZ KrZ
1 N
K (t)z 0 0 ZKSPI Ksz Ksz (6)
’ KCIZ K:Z K;'Z K1 0 0
: : 0o "~ 0
| K5 KL K, 000 KM
The components of this matrix are:
k, 0 0 sin‘cg  cosagsinog  —Sinog
K" =K5+K5+Ks K 50k 0 K=k, (1)| cosagsinag  cos’a —Cos g
0 0 0 —sincg ~ —CosO 1
sin‘a, —cosa, sina, —sina,
Kf =k (t)| —cosa, sina, cos’a, cosa,
—sina, cosa, 1
o - 3 .
1 0 sing, sin’g, , cos @, ,cosa, Sing,,
Kl =k, 0 1 cosp, |; K} =k, (1) —cosg,, cosa, cos’p.,  cosq,,
—sing, cosy, 1 sing,, cos ., 1
sin’gg, —Cos Qg , SinQg,  —sing;,
K¢ =kg,(t)| —cosgg, singg, cos’@g, cos ¢,
—sings, cos s, 1
—cosgp, sing, 0 —-sing,, sina,  sing,, cosa, sing,
K=k, —sing, —cosp, 0|; K, =k, (t)| cose,, sina, —cosgp. cosa, —cose,,
0 -1 0 sina, —cosa, -1
SinQs , Sin o Sin Qs , cos o —singQs,
K, =kg, (1) —cosg, sinag —COS @, COS g —cos g,
—Sinag —COS O 1

The external torques applied to the system are: C¢, C,, Cs respectively on the carrier, the
ring and the sun time constant. The corresponding forces are:

Tt =(0,0,7.,0,0,7.,0,0,T,0,.,0) (7)

where T,=C; /r; ; j=c,r, s.

Modal characteristics of the system are recovered by solving the eigenvalue problem
(gyroscopic effect is neglected):

o’ M ¢,=(K,+K) ¢, 8)
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3. THE SPECTRAL ITERATIVE METHOD

In this section the spectral iterative method used to compute the dynamic response is
presented. A suitable transformation of (3) is made: the response is divided into a DC
component x, and a dynamic component x,:

X=Xg+ X4 9)

The static response is obtained from the equation:
K x,=T (10)
where K is the mean value of the stiffness matrix of the system expressed by :
K=K, +K-Q*K, (11)
K is given by (5).

The contribution of the transmission error will be added later. The excitation is due to
time varying gearmesh stiffness. A proportional viscous damping ratio is considered [2].
Rewriting (3) by taking in account the transformation yields to:

M (% +%,)+(2. G+C)( % +%,)+] K, +K+K(t)- 22K, |(%+x,)=T (12)

The dynamic component of the response x; can be represented by the generalized
coordinates g4, SO we can write:

X=x+¢4, (13)

Rearranging (12) by the elimination of the static component and taking into account (13)
gives:

BMpG,+4" (2:G+C)pg,+¢" (K, +K,(1)-Q:K,)pq,=—¢"K(1)x, (14)

Writing (14) in the frequency domain yields to:

3(N+3)

Ho)-jo2. Y, [¢7G¢] qulo) (15)

m=L;

— Z +.|.we_j(ut|:¢TK(t)¢:|mkqdk(t)dt

m=1k=1 _4

where: Z] ,(@) represents the Fourier transform of g,:
~ -1
H(o)= (-0’ ¢'Mp+ ¢ Kp+jo ¢'Cy) (16)
?j(a;) represents the Fourier transform of ¢"K(¢)x,. It is well known that the Fourier
transform of the product of two signals A(z) and c(z) in the time domain corresponds to the
convolution product of the Fourier transform aand b of each signal in the frequency domain:

T e a(t)b(t)dt=a(w)®b(w) (17)

Then (15) can be written as:
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du(@)=H(o)(H(0)- j 02 §'G §,(0)-K(0)®],(0)) (18)
K (@ )is the Fourier transform of ¢” K(¢)¢

The resolution is driven iteratively by successive approximations beginning by an initial
solution given by:

Q) (w)=H(w)i(0) (19)
The operand 4 is introduced:
A(s)=—H(w )( j 02, §'Gp (8)+K (0)® (.)) (20)
Applying to (18) we get:
G(0)= 0, (©)+A(i()) 1)

By successive replacement of g,(@ )and a truncation to order “A4” we have:

(+h)

a0)” =3, 473, ) (22)

k=0

where:

~ (0) ~(0)
A““(qd (w))= . (0)

A%V ()= ~H(w)(j @ 0 §7Gopa™ (o) + R(@)® 4 () |

(23)

The algorithm defining the spectral iterative method is resumed on the following
organization chart (next page).

The iterations are stopped and the frequency solution is obtained by reaching an imposed
small error “er’” between iterations “A-1" and “A” which is defined by:

) o

T

It is noticed that for reasons of sampling considerations the convolution product is divided
by the the number of samples defined by:

T
M=— 25
y (25)
where T is the time duration of the signal and Az is the time step. The spectral response is also
divided by M.
The time response is obtained by the inverse Fourier transform.
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\ 4

® =0 — o, (frequency bandwidth)

iteration = 1
¢ (w)=[H(w)]|t(w)
A'(q")=q"

®=0+00 A(e)=—[H ()] (£®0)
£=10.001Y%, (admissible error)
A 4
n =1 — it max (max.number of iterations )
An n A0
g =Y A(q )
k=0

An—1 2 An 2

() )
n=n+l = (An)2

q
no l
n = it max —<>
es
v’
No convergence
no

\ 4

@ =0 q(@)=q

yes
\ 4

frequency bandwidth

Frequency response obtained on the

\ 4

Fourier transform

Time response obtained by inverse

4. DYNAMIC RESPONSE SIMULATION

The simulations are made with a planetary gear shown on Fig. 2. An input torque of 1000 Nm

is applied to sun gear. The planetary gear, with a fixed ring, has 4 planets.
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Figure 2: Simulated planetary gear.

The gearmesh frequency f; is defined by:

ZiZ
Nl

26
Z,+Z 7 (26)

/s represents the sun rotational frequency, Z; and Z, represents respectively the sun and ring
tooth number. Parameters of the planetary gear are presented in Table I.

Table I: Parameters of the planetary gear model.

Sun Ring Carrier Planet
Teeth number 30 70 -- 20
module 1.7 1.7 1.7
Teeth width (mm) 25 25 25
Mass (KQg) 0.46 0.588 3 0.177
1/r* (Kg) 0.272 0.759 1.5 0.1
Base radius (m) 0.024 0.056 -- 0.016
Helix angle 0° 0° 0°
Gearmesh stiffness (N/m) ks, = kyp = 2.10°
Bearing stiffness(N/m) ky, = ks oy = ki iy =10°
Torsional stiffness (N/m) ky =10%; ks, = k=0
Pressure angle a, =a, =21.34

The resolution of the eigenvalue problem (6) allows as recovering the eigenfrequencies of

the system, which are presented in Table I1.

Table 1I: Eigenfrequencies of the planetary gear.

fi fo f3 Ja f5 fs /7
Frequency (Hz) 1099 1998 2840 3165 3630 3707 3938
Js fo Jfio0 Ji1 Ji2 Jis
7998 8886 9017 10490 | 11419 | 12870
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The implementation of the spectral iterative method shows a convergence at about the 11"
iteration.

Fig. 3 represents the difference proportion between successive iterations for the dynamic
component of the rotation of the sun (w,) and the carrier (w.) and the radial translation of the
first planet (u;).
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Figure 3: Difference proportion between iterations.
Fig. 4 represents the dynamic coefficient of the sun-planetl gearmesh for a set of

gearmesh frequencies [0-15000 Hz]. This coefficient is defined as the dynamic force divided
by the static force. It allows the localization of critical speeds to be avoided.
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Figure 4: Dynamic coefficient for the sun-planetl gearmesh.
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Fig. 5 and 6 represent dynamic component of the response registered on the first planet
bearing in the radial and tangential directions for the same planetary gear example at
/.= 1000 Hz.
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Figure 5: Dynamic component of the radial displacement of the first planet bearing in the
frequency domain (A) and in the time domain (B).
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Figure 6: Dynamic component of the tangential displacement of the first planet bearing in the
frequency domain (A) and in the time domain (B).

It is well noticed that the response is dominated by the gearmesh frequency f. and its
harmonics. The time response is periodic with a period 7, = 1/f.. The amplitude of the
harmonics depends on weather they are close or not to an eigenfrequency.

On the other hand, the computation of the dynamic response by the Newmark and the
spectral method showed similar evolutions: the two graphs displayed the same critical
frequencies fs, f70/2 and f7;.

5. CONCLUSION

The computation the dynamic response of a planetary gear by the iterative spectral method
described in this paper allows one to obtain a direct spectral description of the response. A
quick convergence and a good agreement of this method with the Newmark method were
obtained. The frequency content of the response is well given and the interactions with
eigenfrequencies are also proved. The use of the spectral method can be extended to planetary
gear with defects with much frequency content.
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