ISSN 1726-4529

Int j simul model 15 (2016) 2, 352-364

Original scientific paper

MULTI-PRODUCT MULTI-PERIOD INVENTORY ROUTING
OPTIMIZATION WITH TIME WINDOW CONSTRAINS
*

Xiao, N.*,** & Rao, Y. L.**
School of Economics, Shenzhen Polytechnic, Shenzhen, Guangdong 518055, China
**
Business School, Central South University, Changsha, Hunan 410083, China
E-Mail: catherine842@sina.com

Abstract
The concept of the green supply chain leads to the recent expansion of the green logistics investigation.
Under the mode of VMI (vendor managed inventory), integrating the inventory and routing of the
supplier and the customer as a whole is vital to achieve the optimization of total distribution cost in
distribution logistics systems. In this paper, the inventory routing problems on a two-echelon logistics
system composed of a single distribution centre and multiple customers for multi-product in
multi-period with time constrains is studied under the conditions of VMI strategy. Both inventory
costs and distribution costs are considered in the logistics system, and an improved fuzzy genetic
algorithm is proposed to solve the optimization model of IRP (inventory routing problems) for
multi-product in multi-period with time constrains. It has been proved that the proposed algorithm is a
very efficient approach for the IRPs. Finally, the effectiveness of the proposed algorithm and the
optimization model are demonstrated through simulation of computational experiments.
(Received, processed and accepted by the Chinese Representative Office.)

Key Words:

IRP (Inventory Routing Problems), VMI (Vendor Managed Inventory), Fuzzy Genetic
Algorithm, Multi-Product, Multi-Period

1. INTRODUCTION
The problems of climate change and greenhouse gas emissions are increasingly becoming a
focus of attention in most societies. In response to this challenge, an increasing number of
companies are taking actions to reduce their carbon emissions by using environmentally
friendly low carbon production methods [1-4]. These green principles are also applied to the
supply chain [5-8], including green logistics investigation [9-12].
One of the well-known topics typically addressed in this regard is the inventory routing
problem (IRP) which considers the integrated inventory routing optimization process with the
mode of vendor managed inventory (VMI) [13]. However, most of the recent related research
studies the models without consideration of the time window constrains, which are essential
in meeting the requirements of the customers.
This paper is an attempt to study the multi-product multi-period inventory routing
problem with time window constrains. The reminder of the paper is organized as follows.
Section 2 introduces the related literature about VMI and the IRP. Section 3 describes the
problem in detail. Section 4 presents the mathematic model, followed by the introduction of
the proposed hybrid algorithm for solving the model. Section 5 presents the simulation
experiment and the experimental results. Finally, conclusions are discussed along with the
related managerial implications.

2. LITERATURE REVIEW
Transportation and inventory management are two key logistic drivers of supply chain
management. The coordination of these two drivers, often known as the IRP, is typically the
issue at hand in vendor-managed inventory systems (VMI) [14, 15]. Papers [16, 17] presented
a comprehensive literature review regarding IRPs. They can be broadly categorized according
DOI:10.2507/IJSIMM15(2)CO8
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to the following criteria: finite or infinite planning horizons [16, 18], single or multi-period
[19], single or multi-customer [20, 21], single or multi-product [22], identical or non-identical
vehicles [23], and deterministic or stochastic demand [24]. Several other variants of IRPs can
also be found, such as IRPs with direct deliveries [25] or with transshipment options [26-28].
Research on inventory and integrated transportation optimization developed early. In the
late 1980s, a contradictory problem of inventory and transportation was proposed by
Federgruen and Zipkin for the first time [29], and from then this issue gradually become the
focus of many scholars.
A multi-logistics network was researched by Burns et al., which determined the minimum
cost of inventory and transportation [30]. They assumed that customer requirements were
fixed. By analysing and comparing the two different distribution strategies the following
conclusions are reached. The first strategy is that each time the vehicle delivers goods directly
to a certain point of demand; the second strategy is a roving vehicle delivery for various needs.
The customers are divided into several delivery regions and each region reachable to the
customers by a car has the same frequency of distribution. The results show that with an
increase in the value of goods, transportation distance, density of customers, and the cost of
inventory holding, the second strategy is more efficient than the first one.
It is assumed that the system has only one distribution centre, and each retailer gets the
products at a fixed rate. A number of complex factors such as deterministic demand, single
product, time continuous inventory and vehicle routing optimization was considered in the
study of Anily and Federgruen [31]. They set up the optimized cost model of average
inventory and transportation. The process is grouping the customers according to the demand,
arranging the vehicle to its services, and then determining the optimal order cycle of each
customer in each group. This is the optimal inventory policy and dispatch plan.
The distribution system of a single supplier and a single retailer under stochastic demand
was researched by Ernst and Pyke [32]. They established the model considering both
inventory and transportation costs, and designed an algorithm to determine the supplier's and
the retailer's optimal inventory policy and the optimal expected replenishment cycle length.
Chandra and Fisher researched the distribution network inventory and transportation
integrated optimization model of a single product [33]. The paper verified the advantages of
inventory control and transportation with mutual cooperation and through the analysis of the
specific example, the cooperation resulted in a large savings.
Speranza and Ukovich established the single point to single point scattered determined
model of the distribution system, and the objective was to determine expected distribution
frequency for each product [34]. They found distribution frequency by sharing a vehicle is the
best distribution strategy. Viswanathan and Mathur presented the distribution system
consisting of one supplier and multiple customers, and a heuristic algorithm was designed to
determine the requirements of various products [35]. Through this algorithm, the delivery
quantity and distribution strategy of the average total cost of inventory and transportation in
the distribution system over a long period of time are obtained.
Herer and Roundy designed a polynomial time heuristic algorithm, and in the research
based on the traveling salesman problem, they integrated optimization of inventory and
transportation in a multi distribution system [36]. The issue of customer supply with a vehicle
at different times within a limited time range from a single supplier was studied by Bertazzi &
Speranza, based on the assumption that each customer demand is fixed and does not allow
running out of stock [15].
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3. PROBLEM DESCRIPTION
3.1 VMI Logistics system
The IRP under VMI mode is studied in this paper. Different from previous literature, the
product characteristics at different stages of a life cycle are taken into the consideration, as
well as the time window constrains. The problem can be described as follows. The logistics
system is composed of one supplier and multiple customers. The temporary distribution
centres are established by the supplier in the regions which are responsible for transiting
goods to each customer without having control over the inventory. The supplier can supply
multiple products for the customers at the same time, and be responsible for the unified
management of the inventory and the distribution according to the characteristics of the
product in different life cycle stages. The goods are distributed to all customers from the
regional temporary transfer centres after the temporary custody, sorting, distribution and other
operations. The vehicles are available from the car depots instead of the temporary
distribution centre. All vehicles in the depots can be allocated by the supplier, but they should
return to the depots after the distribution. The composition of the logistics system is shown in
Fig. 1.
Client 2
Client 3

Depot 1

Client 1

Client 4
Distribution
Centre

Factory

Client 5

Depot 2
Client 8

Depot 3
Client 7

Client 6

Figure 1: The composition of logistics system (the arrow represents the service relationship).

Under the mode of VMI, the inventory information is shared among the supplier and the
customers, so the supplier can monitor the inventory level for each customer regularly, and
then accurately predict the rate of customer demand. Therefore, the supplier needs to consider
both the inventory cost and delivery cost in the logistics system, and determine the optimal
distribution plan with the minimal total cost and ensure a good level of customer service.
Under the mode of VMI, if the supplier intends to reduce the inventory cost, the inventory
will be reduced. However, the inventory reduction will lead to an increase in frequency and
costs of distribution in order to maintain a high level of service. If the supplier seeks to lower
distribution costs, it will result in the fewer occurrences of distribution and more distribution
amount each time, which will lead to the increase of inventory and inventory costs.
The IRP should consider inventory control, logistics and distribution as a whole, and
balance the inventory cost and distribution cost. It also must determine the frequency of
distribution, vehicle allocation and transportation routing plan which will result in the
minimum level of total costs of the whole logistics system. The managers shall make
decisions on the three main problems as follows:
(1) Distribution frequency or delivery time. When the period length has been confirmed,
the supplier must determine when to provide distribution services for which customers. When
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the planned period length has not been determined, the supplier must determine frequency
distribution for the customers during the period.
(2) Distribution amount. The supplier must identify the distribution amount of various
kinds of goods for each customer to meet the requirement of the customers and with a high
level of service.
(3) Modes of transportation. The supplier must identify the modes of transportation (e.g.
one carload transport, less-than-one carload transport or a combination of these two modes).
When less-than-one carload transport is employed, the supplier must decide how to arrange
delivery routes for different customers.
3.2 Cost of logistics system
(1) The inventory costs
Inventory costs refer to the related costs to ensure inventory system operations, which is
the basis of inventory management decisions. It mainly includes the ordering costs, inventory
holding costs and shortage costs. Since this paper assumes there are one supplier and multiple
customers in the logistics system, the transport costs from factory to the distribution centre
can be recognized as the ordering costs, inventory costs of each customer can be recognized
as inventory holding costs, the shortage cost of the customer can be recognized as the
shortage cost.
(2) The distribution costs
Distribution is an important aspect of the logistics, referring to the sum of expenses
including stock, tally, and delivery in the process of logistics distribution. The distribution
costs include shipping transportation cost, handling cost, packaging cost, sorting and
distribution costs and circulation processing cost, etc., depending on the different functions of
distribution activities.

4. MATHEMATICAL MODEL
4.1 Hypothesis
The IRP optimization is very complicated due to many affecting factors and constrains. The
assumptions of the mathematical model are as follows based on the practical logistics system:
(1) The planning period of the system is fixed; i.e., a quarter or a year. Each item in a
planning period only has one lifecycle.
(2) The supplier can provide multiple products. The transportation costs are calculated by
weights of the products at a fixed rate.
(3) The customer demand rates can be for different products or in different stages of their
life cycles.
(4) Out of stock inventories is not allowed, which means that the out of stock cost is
infinite.
(5) The locations of the distribution centres, depots and the customers are known and
fixed.
(6) The distribution centres are established by the supplier in the regions which are
responsible for transiting goods to each customer without the supplier having control over the
inventory.
(7) There is no vehicle in distribution centre. All vehicles are from depots and eventually
return to the depots after the distribution tasks.
(8) One vehicle can service several clients at the same time, but one customer can only be
served by one vehicle.
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(9) All products can be mixed loading, so the vehicle capacity constraint is only
considered when loading. The capacities of the various vehicles are the same.
(10) The distribution centres, depots and the customers all have their own operating time,
so the vehicles must distribute the products during the operating time.
4.2 Defined variables
The variables used in the model are shown as follows:
D – number of the depots, d = 1, 2, …, D denotes the depot, d = 0 denotes the
distribution centre;
K – number of the vehicles in the depots, k = 1, 2, …, K denotes the vehicle;
N – number of the customers, n = 1, 2, …, N denotes the customer;
P – type number of the products, p = 1, 2, …, P denotes the product;
Stnp – the demand for p of the customer n in stage t, t = 1, 2, 3, t = 1 introduction period,
t = 2 growth period, t = 3 mature period;
N

Stp – the demand of the product p in stage t, Stp   Stnp ;
n 1

Qtnp – the distribution amount of product p for customer n in stage t;
Cf – the fixed costs from the factory to the distribution centre per trip;
Cp – the transportation costs of unit product from the factory to the distribution centre;
Cd – the fixed costs of the distribution centre for each distribution;
Cr – the fixed costs of a single task;
Cl – the unit distance costs of the driving vehicles (not related to the loading capacity);
lij – the distance from note i to note j; note refers to the factory, distribution centre or
the customers;
Cnp – the unit inventory costs for product p of customer n during the planning period;
Wp – the weight of product p;
W – maximum vehicle loading capacity;
Vtdk – maximum tasks for vehicle k in depot d in period t;
TC1 – the transit cost from factory to distribution centre;
TC2 – the holding costs;
TC3 – the distribution costs, where the transportation costs is denoted by TCv;
TC – the total costs of the time period;
V – average speed of the vehicles;
TSi – the earliest start time of note t;
TFi – the latest end time of note t;
Tidk – the arrival time to note t of vehicle k in depot d.
The decision variable of the model is defined as following:
1, the vehicle k of depot d travel from node i to node j,
xijdk = 
0, others,

1, note i is visited by vehicle k of depot d,
yidk = 
0, others,
4.3 Cost calculation
According to the analysis in section 3.2, the total costs of the system include the transfer costs
from factory to distribution centre, distribution costs and inventory costs. The objective of the
IRPs is to minimize the costs in the entire life cycle with a reasonable inventory and
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distribution strategy, to fully meet the needs of customers. The objective function is:
minTC  TC1  TC2  TC3

(1)

The transfer costs from factory to distribution centre include factory fixed costs of each
distribution and the transportation costs from the factory to the distribution centre:
T N P S
T N P
tnp
TC1  
 C f   Stnp  C p
(2)
t 1 n 1 p 1 Qtnp
t 1 n 1 p 1
Since the demand rates are different in the different periods, the holding costs of the
customers can be expressed as:
1 T N P
TC2   Qtnp  Cnp
(3)
2 t 1 n1 p 1
Distribution costs can be divided into the fixed costs of distribution and transport costs,
which are:
D K DN DN
 T N P Stnp D K dk 
TC3   
  y0   Cr     xijdk  lij  Cl
 t 1 n 1 p 1 Q

(4)
d 1 k 1
d 1 k 1 j 1 i 1
tnp


4.4 Model function
The mathematical models are established as follows:
T N P S
T N P
1 T N P
tnp
min TC  
 C f   Stnp  C p   Qtnp  Cnp
2 t 1 n 1 p 1
t 1 n 1 p 1 Qtnp
t 1 n 1 p 1
D K DN DN
 T N P Stnp D K dk 
  
  y0   Cr     xijdk  lij  Cl
 t 1 n 1 p 1 Q

d 1 k 1
d 1 k 1 j 1 i 1
tnp


D

K

 y
d 1 k 1

N

N

i 1

i 1

 x0dki   xidk0
N

x

dk
0i

i 1

N

N

j 1

j 1

Vt dk

P

 Q
i 1 p 1

tip

, i  1, 2,

Wp  yidk  W
N

, i  1, 2,

(6)

,N

, K , d  1, 2,

, K , d  1, 2,
, N , k  1, 2,

, k  1, 2,

Ti dk   T jdk  x dk
ji 
j 1

1

, k  1, 2,

, k  1, 2,

 xijdk   xdkji  yidk
N

dk
i

(5)

(7)

,D

(8)

, D , t  1, 2,3
,D

(9)

, D , t  1, 2,3

(10)

, K , d  1, 2,

, K , d  1, 2,

lij
V , k  1, 2,

, K , d  1, 2,

,D

TSi  Ti dk  TFi , i  1, 2, , N , k  1, 2, , K , d  1, 2, , D
xijdk , yidk 0,1 , i  0,1,

, N  D , j  0,1,

, N  D , k  1, 2,

, K , d  1, 2,

(11)
(12)

, D (13)

Eq. (5) is the objective function. Eq. (6) indicates when each customer can only be visited
once by one vehicle. Eq. (7) indicates when all vehicles are from depots and eventually return
to the depots after the distribution tasks. Eq. (8) limits the number of vehicles available in
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period t to a given quantity. Eq. (9) ensures that all the customers are served. Eq. (10) limits
the capacity of the vehicle. Eqs. (11) and (12) limit the time window constrains. Eq. (13)
limits values of the decision variables.

5. IMPROVED FUZZY GENETIC ALGORITHM
In this study, we propose an adaptive fuzzy logic-based genetic approach. As the approach’s
major novelty, an adaptive-fuzzy logic module is integrated with the conventional GA
(genetic algorithm) in an attempt to improve the performance of the GA and reduce the
premature convergence problem by adjusting the algorithm’s parameters.
5.1 Design of GA
(1) Encoding.
Generally speaking, a chromosome is a binary digits sequence, representing a solution to
the problem domain. A portion of the chromosome is known as its genes and is mapped to the
portion of the solution. The Binary digit encoding method is employed, and the binary digit
encoding of two depots and ten customers is shown in Fig. 2.
Customer 2
Customer 1

Customer 10

1 0 1 1 0 0 1 1 0 1 0 1 1 0 1 0 0 1 1 0 .
Depot 1

.

.

Depot 2

Figure 2: Binary digit encoding.

(2) Fitness function.
A new fitness function is proposed as follows:
TCmax / TC1  TC2  TC3  ,

(14)

TCmax is the maximum value of Eq. (5).

(3) Selection operator.
Two individuals are selected randomly and then the ﬁttest one is selected to reproduce.
(4) Crossover operator.
The order of the crossover operator is shown in Fig. 3.
P1
1 0 1 1 0 0 1 1 0 1
P2
1 1 0 0 1 1 0 0 1 1

1 1 0 1 0 0 1 0 1 1

Figure 3: Crossover operator.

(5) Mutation operator.
Invert mutation: Two positions are selected randomly in the string and then the order is
reversed as shown in Fig. 4.
1 0 1 1 0 0 1 1 0 1
1 1 0 0 1 1 0 0 1 1

Figure 4: Mutation operator.
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5.2 Adaptive-fuzzy logic module
The output parameter is the mutation probability, and the input parameters are shown in Table
I.
Table I: Input parameters of fuzzy logic module.

Input parameter

Parameter explanation
The range of the average fitness value,  F 

F

F  F  ,
r

r 1

Fr 1

 F [0,1] , r  1

The gap of the fitness value between the current chromosome and the best



chromosome,  

 Fmax  F 

 Fmax  Fmin 

,  [0,1]

– fitness of current chromosome,
– average fitness of r generation population,
Fmax – fitness of the best chromosome of current population,
Fmin – fitness of the worst chromosome of current population.
The triangle membership function is used in this paper, and the graphic of membership
function is shown in Fig. 5.
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Figure 5: The membership function graphic of input and output parameter.

Table II shows the fuzzy logic rules of mutation probability.
Table II: The fuzzy logic rules of mutation probability.
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VS
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ES

RL
M
RS
RS
S
S
VS
VS
ES

RL
RL
M
RS
RS
S
S
VS
VS

L
RL
RL
M
RS
RS
S
S
VS

L
L
RL
RL
M
RS
RS
S
S

VL
L
L
RL
RL
M
RS
RS
S

VL
VL
L
L
RL
RL
M
RS
RS

EL
VL
VL
L
L
RL
RL
M
RS

EL
EL
VL
VL
L
L
RL
RL
M

6. EXPERIMENTAL
In this paper, the logistics service system of an electronic product company was chosen as an
example of empirical analysis. This company is a manufacturer of medium-sized electronic
products in a particular province, and their sales network extends throughout many cities. At
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this stage, there is a logistics department to deal with the goods distribution of the company,
and "factory – Distribution Centre – customer" logistics organization mode was used in the
system.
At present, the company receives a high level of customer orders for distribution resulting
in high logistics cost and difficult market management. The life cycle of electronic products is
short, and the renewal speed is relatively fast. Therefore, in order to flexibly respond to the
change of market and customer demand, the company plans to improve the efficiency of
logistics distribution and customer service levels using the VMI mode.
6.1 Data collection
In this case, there are twenty-one customers and two depots. The goods are sent from the
factory to the Distribution Centre (DC), and then after separation and packaging, goods will
be sent from the DC to all customers. The coordination of the factory, DC, depots and
customers are standardized, as shown in Table III.
Table III: Standardization coordination.
Factory
Distribution Centre
Depot1
Depot2
C1
C2
C3
C4
C5
C6
C7
C8
C9

(0.60, 0.40)
(0.58, 0.49)
(0.26, 0.23)
(0.42, 0.80)
(0.26, 0.68)
(0.71, 0.37)
(0.22, 0.99)
(0.12, 0.04)
(0.30, 0.89)
(0.32, 0.91)
(0.41, 0.49)
(0.51, 0.10)
(0.09, 0.26)

C10
C11
C12
C13
C14
C15
C16
C17
C18
C19
C20
C21

(0.26, 0.34)
(0.80, 0.68)
(0.03, 0.14)
(0.93, 0.72)
(0.73, 0.11)
(0.49, 0.65)
(0.59, 0.62)
(0.24, 0.78)
(0.46, 0.72)
(0.96, 0.90)
(0.55, 0.89)
(0.52, 0.33)

Normally, the life cycle of electronic products is short. Three kinds of electronic products
(A, B, C) of the company are chosen as an example. The life cycle of these products just
averages twelve months. Each life cycle can be divided into three parts; the introduction
period from the first month to the third month, the growth period from the fourth month to the
sixth month, and the mature period from the seventh month to the twelfth month. The demand
of each customer is known.
The other parameters are as follows:
(1) The weight of product A is 0.5 kg, the weight of product B is 0.8 kg, and the weight of
product C is 0.3 kg.
(2) The maximum load of the vehicle is 10 tons, and the average running speed is 50 km/h.
(3) The fixed cost for each shipment from the factory to the DC is 200, and the
transportation cost is 2.
(4) The fixed cost for each distribution of the DC is 150, and the fare between the DC and
the customers is 1.
(5) The starting cost of each vehicle is 100.
(6) The storage costs of all three products are all 50.
6.2 Calculation result
Not considering the time window constraint and the life cycle, the distribution route can be
determined as follows:
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Route1: Depot1-DC-C7-C10-C9-C12-C4-Depot1.
Route2: Depot1-DC-C21-C2-C14-C8-Depot1.
Route3: Depot2-DC-C1-C17-C3-C5-C6-C20-Depot2.
Route4: Depot2-DC-C19-C13-C11-C16-C15-C18-Depot2.
The schematic diagram of the routes is shown in Fig. 6.
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Figure 6: Schematic diagram of the routes.

In Fig. 6, the green point indicates the factory, the red point represent the DC, and the
yellow points represent depots. Considering the time window constraint and life cycle, the
distribution line is shown in Table IV.
Table IV: Distribution route considering time window constraint and life cycle.

Route 1
Route 2
Route 3
Route 4
Route 5
Route 1
Route 2
Route 3
Route 4
Route 5
Route 6
Route 1
Route 2
Route 3
Route 4
Route 5
Route 6
Route 7
Route 8

Period 1
D1-DC-C7-C10-C9-C12-C4-D1
D1-DC-C2-C14-C21-C8-D1
D2-DC-C1-C17-C5-C6-C3-D2
D2-DC-C16-C20-C18-C15-D2
D2-DC-C11-C13-C19-D2
Period 2
D1-DC-C7-C10-C21-D1
D1-DC-C9-C12-C4-D1
D1-DC-C2-C14-C8-D1
D2-DC-C1-C16-C15-C18-D2
D2-DC-C20-C6-C5-C3-C17-D2
D2-DC-C11-C13-C19-D2
Period 3
D1-DC-C2-C21-C10-D1
D1-DC-C9-C12-C4-D1
D1-DC-C14-C8-D1
D2-DC-C7-C1-C17-D2
D2-DC-C3-C5-C6-D2
D2-DC-C16-C15-C18-D2
D2-DC-C11-C20-D2
D2-DC-C13-C19-D2
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From periods 1 to 3, the demands of products are increasing resulting in adjustment of
distribution line and increasing demand for vehicles.

7. CONCLUSION
In this paper, a novel mathematical model is presented to study a multi-product multi-period
inventory routing problem with time window constrains. The logistics system is composed of
one supplier and multiple customers. The inventory cost and distribution cost of the logistics
system are analysed. A joint optimization model of inventory and distribution is established,
which aims at minimizing the total cost. It also discusses the different distribution strategies
in the different stages of the life cycle, as well as the distribution strategy with time window
constraints.
In this study, both inventory costs and distribution costs are considered in the logistics
system, and an improved fuzzy genetic algorithm is proposed to solve the optimization model
of IRP for multi-products in multi-periods with time constrains. It has been proved that the
algorithm is a very efficient approach for the IRPs. The effectiveness of the proposed
algorithm and the optimization model are demonstrated through computational experiments
simulation. The results show that the model and algorithm can solve practical problems, and
has promising promotional prospects.
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