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Abstract
The material in the carburized layer of a carburized gear is nonlinear. However, no systematic theory
and method is available to analyse the strength of nonlinear materials; thus, calculating the exact
strength of carburized gears is difficult. The traditional method of calculating the strength of
carburized gears considered the material as uniform, which is susceptible to make errors. To address
this problem, a hierarchical simulation method was proposed to calculate the strength of carburized
gears. The strength calculation principle of carburized gears was first analysed. Then, a solid
modelling method of carburized gears was presented based on the extraction technology of the layered
homogeneous material. Finally, the meshing process of carburized gears was simulated, and the
distribution and variation laws of the root, contact, and shear stresses during the meshing process were
determined accurately. Results show that the shear stress of carburized gears initially increases and
then decreases along with depth direction, and the maximum value appears in the surface below.
However, the shear stress of non-carburized gears decreases linearly. The equivalent stress of the two
kinds of gears decreases linearly with depth direction, whereas the decreasing amplitude of the
carburized gears is larger than that of the non-carburized gears. A significant error in the calculation of
the strength of carburized gears can be clearly observed using the traditional method. By selecting the
appropriate parameters, the method proposed in this study can be used to simulate the meshing process
of the carburized gear pair and calculate its strength accurately.
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1. INTRODUCTION
Gear transmission is an important mechanical transmission mechanism and is widely used in
various industrial fields [1]. Carburization is important in ensuring wear resistance and
bending resistance during high speed and overloading [2, 3]. The carbon concentration at each
point in the gear surface and below becomes different after carburization. Thus, a carburized
gear is considered a heterogeneous material, and the elastic modulus decreases gradually from
the carburized surface. When a carburized gear is loaded, the equivalent and shear stresses at
different carburized depths become nonlinear. Therefore, the strength of carburized gears
should be calculated according to the heterogeneous materials. However, no mature method
has accurately calculated the strength of carburized gears to date. The majority of the existing
gear design methods consider carburized gears as homogeneous materials without considering
the nonlinearity of the material, which leads to a large error in strength calculation. Testing
the strength of the parts after design completion is necessary to ensure the reliability of the
design [4]; however, this process is costly and time-consuming. Finite element method (FEM)
can be used to calculate the strength of heterogeneous materials; however, the accuracy of its
calculation depends on the correctness of finite element modelling. In recent years, several
scholars have studied the method of calculating the strength of carburized gears using FEM.
However, establishing a finite element model of carburized gears is yet to be accomplished
DOI:10.2507/IJSIMM16(1)10.376
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[5]. The stress distribution and variation law of carburized gears at different carburizing
depths cannot be obtained accurately using the traditional calculation method. The calculation
of gear strength is the basis of gear design and optimization. Therefore, establishing an
effective finite element model of the carburized gear and analysing its strength accurately are
of great theoretical and practical significance.

2. STATE OF THE ART
Most current studies on carburized gears are limited to the theory of heat treatment and
strength analysis for fatigue failure, and rarely involve the precise modelling and strength
analysis of carburized gears. Li et al. [6] studied several forms of failure of carburized gears
and performed simulation analysis based on ANSYS. However, the modelling process and
performance analysis of carburized gears were not described in detail. Some scholars [7, 8]
observed the microstructure properties of carburized gears to find the initiation and extension
of damage; however, this method is only applicable to some specific materials and conditions.
Yamanaka et al. [9] used four different manufacturing methods for spur gears and found that
forging is the best way to increase bending stress of carburized gears. Zwolak and Palczak
[10] studied the influence of two treatment methods on contact strength of gears by analysing
the characteristic of surface layer, which did not involve bending and shear stresses. Some
scholars [11, 12] also studied the fatigue crack and pitting failure of carburized gears through
experiments. However, these methods cannot meet the requirements of comprehensive
analysis of carburized gear strength.
Some scholars performed numerical simulation on carburizing heat treatment process of
gears based on FEM. Kim and Bae [13] analysed the gear deformation in different quenching
temperatures during carburizing-quenching simulation and provided process parameters for
actual production. Decroos and Seefeldt [14] established a half-gear tooth finite element
model to simulate the process of carburization and quenching, and predicted the gear stress
and strain after this process. Li et al. [15] simulated various residual stresses during
carburization and quenching. In the literature [16-19], the carburizing heat treatment of other
gear types, including gear ring, was simulated similarly. However, these studies did not
perform simulation analysis on carburized gears during their actual work process.
The depth of a carburized layer is an important parameter in the design of carburized
gears. Several computing methods for the case depth of carburized gears were proposed in
some studies [20, 21], which only involved a few process parameters and did not discuss the
strength of carburized gears.
The majority of existing studies discussed the simulation of the heat treatment process,
tested the strength, and performed failure analysis based on experiment. In this study, the use
of multilayer homogeneous layers replaced the carburizing part, compensating the limitations
of the existing technology on the modelling and strength analysis of carburized cylindrical
gears.
The present study is organized as follows. Section 3 introduces three kinds of strength
analyses in theory, and modelling of carburized layers and gear pair. Section 4 considers a
helical gear pair for simulation and compares it with the modelling without stratification.
Section 5 presents the conclusions.

3. METHODOLOGY
3.1 Strength analysis of carburized cylindrical gears
The pitting failure of gears is caused by the high-contact stress between driving and driven
gear teeth in the process of cycle rotation. The contact of the two meshing teeth is considered
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as two elastic compressed cylinders in the traditional method. According to Hertz theory, the
contact fatigue strength formula [22] of cylindrical gears is as follows:
2 K H T1 u ± 1
•
Z Z Z
(1)
Φd d13
u H E ε
where KH is the load factor used to calculate contact fatigue strength; T1 is the torque
of driving gear; d is the face width coefficient; d1 is the reference diameter of the
driving gear; u is the transmission ratio; ZH is the regional coefficient; Z is the contact
ratio factor used to calculate contact stress; ZE is the influence coefficient of elastic,
1
; 1 and 2 are the Poisson ratios of the two gears; E1 and E2 are
ZE =
2
1 - μ1
1 - μ2 2
π[(
)+(
)]
E1
E2
the elastic moduli of the two gears.
The contact stress is closely related to the elastic modulus, which changes with the various
carbon concentrations for carburized gears. Calculating contact stress using Eq. (1) will cause
error and cannot reflect the actual contact stress accurately.
Moreover, bending stress exists on the root of the gear tooth. When the gear pair is
meshed in the crest, two pairs of gear teeth are in the meshing state, which bear the load
simultaneously; thus, the maximum bending stress does not appear in this meshing position.
When the load is applied on the top point of one pair of the gear teeth, the maximum bending
stress appears in the tooth root, and the crack is produced easily. The large rigidity causes the
gears to be considered as a cantilever beam, and ignoring the influence of rub. The normal
force Fn is applied to the crest, in which n is the pressure angle, as shown in Fig. 1. The
bending stress [22] in the dangerous section is expressed as follows:
σH =

σF =

2 K F T1YFaYsaYε
Φd m3 z 2

(2)

where KF is the load factor used to calculate bending fatigue strength, YFa is the tooth form
factor, Ysa is the stress correction coefficient, Y is the contact ratio factor used to calculate the
bending stress, m is the gear module, and z is the number of teeth.
Most of the coefficients in Eq. (2) are acquired by experience, which makes the
calculation result an approximate. Hence, calculating the bending stress of carburized gears
using Eq. (2) is not reasonable.
Fncosαn
Fnsinαn

αn
Fn
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Figure 1: Bending stress of the root.
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Moreover, the carburized layer involves alternating shear stress during gear meshing. If
the shear stress exceeds the ultimate strength of the material, then spalling would be produced,
which generally appears in the range of the hardness layer in the form of a crack.
By circulating the positive pressure of the gear, pulsating cyclic shear stress yz and
symmetrical cyclic shear stress  are generated in the carburized layers. By ignoring the
friction, the maximum value yz max is produced below the surface 0.78 q and the maximum
value max appears below the surface 0.5 q, where q is the half-width of the contact zone for
the two cylinders. The half-width of the contact zone can be obtained according to elastic
mechanics, which is presented as follows:

q=

4 Fn 1 - μ12 1 - μ2 2
(
+
) ρΣ
πL
E1
E2

(3)

where L is the contact length of the gear;  is the integrated curvature radius of tooth profile,
ρρ
ρ Σ = 1 2 ; and 1 and 2 are the curvature radii at the contact point.
ρ1 ± ρ2
The crack is caused by the symmetrical cyclic shear stress  rather than the pulsating shear
stress yz. When the shear stress  exceeds the plastic deformation resistance of the material,
the crack that originates from the plastic deformation zone will cause shallow spalling. On the
basis of the third strength theory, the maximum shear stress value [23] on the principal shear
stress plane can be expressed as follows:
1
(4)
τ max = (σ1 - σ3 )
2
where 1 and 3 are the maximum and minimum algebraic values of the principal stress,
respectively.
The junction between the hardness layer and the heart is a weak link. To avoid the
production of spalling by the transition layer, the ratio of the shear stress in the transition zone
and shear strength resistance [] should not be larger than 0.55, as expressed below:
τ
ε = max ≤ 0.55
(5)
[τ ]
3.2 Modelling of carburized layers
According to the principle of gear structure, the tooth profile of cylindrical gears consists of
involute curve, tooth root transition curve, tooth root arc, and addendum arc. The equation of
the involute curve in Cartesian coordinates is as follows:
 xd  rb (sin    cos  )

 yd  rb (cos    sin  )

(6)

where xd and yd are the abscissa and the ordinate of the point on the involute, respectively; rb
is the basic circle radius, and  = tan k, where k is the pressure angle of the point on the
involute.
Tooth root transition curve is formed by the rounded corners of the tool tip during gear
machining. Various cutting tools and processing methods can change the tooth root transition
curve. This study adopts hobbing method to manufacture the gears using rack-shaped cutting
tools. The tooth root transition curves are the equidistant curve of the extended involute. In
the Cartesian coordinate system, the parametric equation [24] of the tooth root transition
curve is as follows:

124

Li, Zhang, Wang, Zeng, Hidenori: Meshing Simulation and Strength Calculation of a …

a1

 xg  r sin   ( sin ′ r ) cos(′  )
(7)

 y  r cos   ( a1  r ) sin(′  )

 g
sin ′
where    '  90,  = (a1 cot  ' + b) / r, and a1 = a – xm.
In Eq. (7), xg and yg are the abscissa and ordinate of the point on the transition curve,
respectively; r is the pitch radius of the machining gear; φ is the angle between the connection
of the centre and pitch points and the centreline of the machining gear;  ' is the angle
between the common normal of the contact point between the tool radius and the transition
curve, and the tool processing pitch line; α is the pressure angle of the reference circle; a is
the distance from the centre of the top corner of the cutter to the middle line; b is the distance
from the centre of the top corner of the cutter to the centreline of the cutter space width; r is
the top corner radius of the cutter; and x is the modification coefficient.
A series of tooth profile points can be acquired using the equation of profile curve. The
density of the point on the tooth profile is adjusted adaptively according to curvature to ensure
the accuracy of the modelling. After obtaining the profile points completely, they are arranged
in the same number of layers in the direction of tooth width along the spiral, to obtain the
point matrix of tooth profile surface. These points are sorted and integrated by ranks to
acquire the complete point matrix Pi,j (i = 0, 1, 2, …, m; j = 0, 1, 2, …, n) of the tooth profile
surface, as shown in Fig. 2. The equation of bicubic B-spline curve [25] is as follows:
m+2 n+2

P(u, v) = ∑∑Vi , j Ni ,3 (u ) N j ,3 (v)

(8)

i =0 j =0

where Vi,j (i = 0, 1, 2, …, m+2; j = 0, 1, 2, …, n+2) is the control point matrix of the surface, and
Ni,3(u) and Nj,3(v) are the cubic B-spline basis functions along u and v directions, respectively.
The inversion of the bicubic B-spline surface obtains the control point matrix Vi,j and acquires
the complete tooth profile surface, which is the surface of the carburized gear tooth, as shown
in Fig. 2.
Point matrix of surface Pi,j
Tooth profile surface

Figure 2: Point matrix and tooth profile surface.

The carburized layers are built after obtaining the tooth profile surface. In this study,
multilayer homogeneous carburized layers are used to simulate the approximate model of the
carburized gear. The number of homogeneous layers for carburization corresponds to the
accuracy of the model, which increases the difficulty of modelling and calculation. Given the
modelling accuracy and computational efficiency, the total number of homogeneous layers is
usually from three to six, and the specific number is determined by the depth of carburizing.
The carburized part of gear is composed of effective hardness layer and transition layer. The
depth of carburizing is t, which is divided into s layers. The thickness of the effective
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hardness layer is ta, which is divided into f layers. The transition layer thickness is tb, which is
divided into h layers. The thickness of the carburized layer from the surface to the inner layer
is ti (i = 1, 2, …, s), and their relationship can be expressed as follows:
t  t a  t b

t b  0.54t a
s  f  h


ta
t1 

f 1

t  t a  t1 (i  2, , f )
i
f 1

tb

t i  h (i  f  1, ,s )

(9)

The tangent vectors in u and v directions at each point on the surface can be calculated
using Eq. (8). The normal vector at each point is the cross product of two tangent vectors. The
unit normal vector n can be obtained by dividing the size of the crossed module. Normal
offset point P'i,j can be obtained by offsetting point ti distance reversely along the unit normal
vector, as shown in Fig. 3. The coordinates of P'i,j can be acquired as follows:
P'i,j = Pi,j – ti n (i = 0, 1, 2, …, m; j = 0, 1, 2, …, n)

(10)

The point matrix of the tooth profile offsets t1 distance along the normal direction to
obtain the offset point matrix and fits them to acquire the first equidistant offset surface. The
first equidistant offset surface with the tooth profile surface surrounds the first homogeneous
carburized layer. Offsetting inwardly the first offset surface, which is considered as the base
surface, establishes the second equidistant surface. The second equidistant surface with the
first offset surface then surrounds the second homogeneous carburized layer. As shown in Fig.
3, the remaining layers can be obtained orderly by repeating the above process.
v
Pi,j
v
Pi,j
Pi,j

u
t1

Pi,j
u

-n

-n

First homogeneous carburized layer
Second homogeneous carburized layer

Figure 3: Equidistant surface and homogeneous carburized layer.

3.4 FEM model of the carburized gear pair
Under normal circumstances, gear failure generates in the gear tooth and rarely in the part of
the hub. The gear hub near the shaft hole is simplified as a rigid cylindrical surface to
facilitate the finite element analysis, and the stress and deformation within the rigid
cylindrical surface are ignored. The simplified carburized gear entity is divided into several
parts to generate a regular FEM model. Fig. 4 shows a half-tooth segmentation diagram, and
the tooth is divided into four sections: hub, tooth root, tooth surface, and crest.
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Tooth root section

Tooth surface section
Hub section

Crest section

Figure 4: Segmentation diagram of the half tooth.

The point matrix of the tooth profile surface was initially acquired based on the above
mentioned method, and an IGES file was generated in accordance with the coordinate
sequence of points. Then, the IGES file was imported to general modelling software, and the
tooth profile surface was obtained by fitting the point matrix. The use of external
programming successfully obtained the equidistant offset surface. In this study, the carburized
part was divided into three homogeneous layers, and the entity of the carburized gear was
generated by the modelling comments of Boolean operation, rotation, copy, and so on. The
elastic modulus of the carburized surface was obtained using a lookup table, and the elastic
modulus of the homogeneous carburized layer was obtained using linear interpolation. The
type of area element and volume element was initially defined. Then, the gear tooth was
divided and meshed. The mesh model of the gear tooth is shown in Fig. 5 a.
The number of teeth is simplified in the case of ensuring a pair of gear tooth meshing
completely to reduce the computing time. Spur gear generally requires five pairs of teeth, and
the helical gears need seven pairs of teeth. The model of the driven gear is generated in the
same way with the driving gear and is assembled without a gap, as shown in Fig. 5 b. The
contact pair is established between the two meshing surfaces, and is constrained by setting the
element type and key item. The rotational speed is applied to the driving gear, and torque is
applied to the driven gear, which sets the load steps to start the solution.

a) Mesh model of the gear tooth

b) Mesh model of the gear pair

Figure 5: Gear mesh model.

4. SIMULATION ANALYSIS AND DISCUSSION
In this study, a high-speed helical gear pair in a mine reducer is used for simulation, which
can confirm the reliability of the modelling method. Table I lists the basic parameters of the
gear pair, where the import power P is 10 kW, the driving gear rotate speed n1 is 960 r/min,
and the load factor Ka is 1.526.
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Table I: Basic parameters of gear.
Number of teeth

Driving gear: z1
Driven gear: z2

Normal modulus: m
Pressure angle: α (°)
Helix angle: β (°)
Modification coefficient
Tooth width (mm)
Gear material
Depth of the carburized
layer (mm)

Driving gear: x1
Driven gear: x2
Driving gear: B1
Driven gear: B2
Driving gear
Driven gear
Driving gear
Driven gear

21
67
2
20
14.753
0
0
35
40
40 Cr
40 Cr
0.4
0.4

When the finite element model of the gear pair is established and transient analysis is
performed, the stress distribution of the carburized gear pair in any position can be obtained at
any moment [26, 27]. The time-history (time-hist) curve of the maximum stress can be
obtained by reading the maximum contact stress on the surface and the maximum equivalent
stress on the tooth root of the carburized gear. Moreover, the maximum shear stress on the
surface is calculated, and the worst meshing point and corresponding load step number are
obtained. The path along the depth direction, in which its starting point is the node where the
maximum shear stress is obtained, is defined, and the shear stress to that path is mapped. Only
the first homogeneous layer results are presented because of the space limitation of the thesis.
Fig. 6 shows the time-hist curve of the maximum stress. As shown in the Fig. 6, the contact
and shear stresses are zero at the beginning of engagement; however, the contact stress
increases suddenly for the shock in the fourth pair of the gear teeth and then reduces with
rotation. The contact stress increases simultaneously upon entering the single-tooth meshing
region. Moreover, the maximum contact stress occurs when the fourth pair of teeth comes into
engagement, and the maximum value is 1041.706 MPa. The permissible contact stress []H is
1546 MPa, and the maximum contact stress is in the permissible range of contact fatigue
stress, thereby preventing the pitting damage to occur. The shear stress is generated by the
extrusion of the contact stress; thus, the positions of the maximum shear and contact stresses
are in the same location. The maximum surface shear stress is 388.839 MPa. Surface shear
stress is still ≠ 0 after meshing of the fourth pair of the gear teeth due to the influence of
residual stress.
Time-hist curve of the

Stress value (MPa)

maximum contact stress
Time-hist curve of the
maximum shear stress
Time-hist curve of the maximum
bending stress on driving gear
Time-hist curve of the maximum
bending stress on driven gear

Sub step

Figure 6: Time-hist curve of the maximum stress.
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With the involvement of other teeth, the bending stress on the fourth pair of the gear teeth
is ≠ 0, with or without meshing. The maximum root bending stress of the driving and driven
gears are 222.230 MPa and 165.611 MPa, respectively, and they appear in the single-tooth
meshing region. The permissible bending stress []F is 400 MPa, which does not appear
during overload breaking.
The stress distribution in different layers changes during engaging due to the properties of
heterogeneous material. For the fourth pair of the gear tooth, Figs. 7 a, 7 b, 7 c, and 7 d show
equivalent stress distributions from the outer to the inner carburized layer and the body. As
shown in Fig. 7, the stress distribution of the gear in different carburized parts is uneven.

a) Equivalent stress distribution
in the outermost layer

b) Equivalent stress distribution
in the middle layer

c) Equivalent stress distribution
in the transition layer

d) Equivalent stress distribution
in the body

Figure 7: Equivalent stress distribution in each carburized layer.

Table II shows the maximum stress value in each layer, which appear at different times.
The maximum equivalent stress on the tooth surface and root decreases gradually from the
outer to inner layers, and the maximum surface shear stress between each layer appears in the
middle layer. Moreover, the maximum value is 554.75 MPa, and the yield strength []s of the
material is 985 MPa, thus preventing shallow spalling to occur. The shear stress value in the
transition layer is 226.553 MPa, and the shear strength resistance [] of the material is 571
MPa. The ratio of the two stress values does not exceed 0.55, which does not occur during
spalling.
Table II: Maximum stress value in each layer.
Position
Stress value (MPa)
Maximum equivalent stress on surface
Maximum shear stress on surface
Maximum equivalent stress on root

Outermost
layer

Middle
layer

Transition
layer

Body
section

890.394
388.839
222.230

592.807
554.750
164.899

301.976
358.932
102.665

233.106
226.553
84.545

The traditional method calculates the strength of gears in the same way with or without
carburization. The same parameters are used for gears to illustrate their differences, and
carburized gear is regarded as a homogeneous material to perform transient simulation
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analysis. The stress distribution of gears for the two modelling methods is compared by
defining the path in depth direction, as shown in Fig. 8. Figs. 8 a and 8 b present the stress
variety trends of shear and equivalent stresses along the depth direction. As shown in Fig. 8,
the variety trend of shear stress for stratification modelling increased initially and then
decreased, and the maximum value appears below the 0.1 mm surface. However, the shear
stress of the model without stratification decreases with the increase of depth, and the
maximum value appears on the gear surface, which is smaller than that for stratification. The
variety trends of the equivalent stress of the two modelling methods along the depth direction
are similar. The equivalent stress value of non-stratification modelling is smaller than that for
stratification.

Stress value (MPa)

Variety trend of shear stress
with stratification
Variety trend of shear stress
without stratification

Depth below surface (mm)

a) Variety trend of shear stress along depth direction

Stress value (MPa)

Variety trend of equivalent stress
with stratification
Variety trend of equivalent stress
without stratification

Depth below surface (mm)

b) Variety trend of equivalent stress along depth direction
Figure 8: Stress variety trend along depth direction.

5. CONCLUSIONS
Three kinds of failure forms of gears were analysed theoretically in this study. Given that the
carburized layer is a heterogeneous material, a novel method of treating heterogeneous
carburized layer as a multilayer homogeneous material was proposed. Then, the specific
process of establishing the finite element model of carburized gear pair was studied. Lastly,
for a carburized helical gear pair, transient analysis was performed and was compared with
the carburized gear modelling without stratification. The following conclusions were obtained:
(1) The extrusion of surface contact stress produces shear stress. The maximum values of
surface contact and shear stress appear in the same meshing position of the gear tooth.
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(2) The maximum stress on the surface and tooth root of each carburized layer does not
appear simultaneously during meshing. The maximum equivalent stress value decreases along
the depth of carburized layer, and the maximum shear stress appears in the middle layer.
(3) The maximum shear stress of the carburized gear with stratification is produced below
the surface, whereas the maximum shear stress without stratification appears on the tooth
surface. The maximum bending stress varies slightly using the two modelling methods;
however, the contact and shear stresses change significantly.
(4) The use of stratification method for carburization can reflect the actual structure more
accurately compared with carburized gears treated as homogeneous materials. The stress
distribution can be viewed in each layer.
The limitations of existing technology are compensated in this study, and accurate
analysis and meshing performance evaluation of carburized gear transmission are achieved.
However, considering the computational efficiency, this study has simplified the gear pair
model, ignored the influence of weight and inertia, and assembled the gear pair without gap,
which can produce errors.
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