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Abstract 

This paper aims to provide an introduction to the analytical modelling and the discrete-events 

simulation for a manufacturing system. A general method of constructing a Markov chain and the 

simulation with discrete events using Delmia Quest software, are presented. In the present paper, those 

interested can find a real case study: modelling and simulation of the headrest support manufacturing 

line. The scientific contribution of this paper consists in the development of a theoretical model 

implemented in a real case study. The theoretical model estimates the production rate of the line and 

then, using this model we can establish how many parts in the buffers are required in order to achieve 

a production rate of X parts per minute. In the first phase, the manufacturing line is analysed, then the 

Markov chains for subsystems with two machines and a buffer are constructed. As the Markov chains 

need more time to provide solutions in queues theory, they can be used only for small production 

lines. To find the production rate for all the system, it is necessary to apply the Markov chains and the 

decomposition method. Those methods are implemented in the C/C++ programming. To validate the 

analytical model, the discrete-event simulation with Delmia Quest software is used. The article 

presents some comparisons between modelling with Markov chains and simulation with Delmia Quest 

software and provides a method of optimization of the buffers for the case study. 
(Received in April 2016, accepted in January 2017. This paper was with the authors 4 months for 2 revisions.) 
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1. INTRODUCTION AND RELATED WORK 

Being given the developing product variety, the intensifying division of labour, and the 

growing size of manufacturing companies, a clear representation of the logistic behaviour of 

manufacturing process becomes increasingly important. Modelling and simulation can give 

detailed insights into the behaviour and performance of planned production systems. 

      Many companies want to know the performance of linear flow lines with stochastic 

processing times and the determination of the optimum buffer configuration. The focus of this 

work is on the practical implementation of an analytical approach to a real case study. The 

analytical modelling method with Markov chains and the Delmia Quest software represent 

tools for this practical implementation. Practically, the mathematical theory of production 

systems analysis represents the queuing theory; production lines can be modelled as queuing 

networks and solved by means of Markov chains analysis. This analysis works only for 

solving small production lines, because, as long as the number of machines and the capacities 

of the buffers increase, the results of states (idle, busy and blocked) explode and it is very 

difficult to handle it analytically. For larger production lines, there is another method – 

“decomposition method” – which can be used. 

      Many researchers have been studying this subject. The exact solution of small systems 

was initiated, among others, by Hunt [1], followed by Buzacott [2], Gershwin and Berman [3] 
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and Gershwin and Schick [4]. Approximation methods have been developed to overcome this 

major limitation (small systems) of the Markovian analysis technique. Such a method is the 

decomposition method, originally introduced by Gershwin [5] and further developed by 

Dallery et al. [6]. Gershwin developed an approximation method that decomposes a K-stage 

line into K-1 two-stage line. Dallery improved the equations of Gershwin in order to make the 

algorithm faster and to avoid possible convergence problems. The development of approaches 

for the design problem of allocating buffer in lines and the optimization of stochastic 

manufacturing systems is presented in the articles of Dallery and Gershwin [7], Papadopoulos 

[8], Tempelmeier [9], etc. The authors offered solutions for performance analysis of flow 

production systems, first of all for two-three machines with finite buffers and then, they used 

recursive matrix and geometric matrix for larger lines. 

      In this research work, we analyse a real production line consisting of a number of 8 

machines, displayed in series, with a finite buffer between each pair of machines. The main 

objectives of this research are: 

 Modelling of a manufacturing line using Markov chains and decomposition method, 

 Simulation of the manufacturing line using Delmia Quest software, 

 Results (analytical modelling versus discrete event simulation), 

 Buffer optimization: How many stocks (parts) in the buffers are required in order to 

achieve a production rate of X parts per minute? (In accordance with market demand). 

      The contribution consists in achieving an analytical model using probabilistic states of the 

system (busy, idle and blocked) and then this model is implemented in a real case study. The 

method based on Markov chains analysis with probabilistic states and decomposition method 

is developed to estimate the production rate of a flow line with finite buffers. The position and 

size of buffers – which are the storage areas between machines in a production system – can 

have a significant influence on the performance of a production system. 

2. THE MODELLING METHODOLOGY FOR A FLOW LINE 

Models in a manufacturing line consist of machines and the buffers between them. The 

Processing Time (TCY), Mean Time Between Failures (MTBF) and Mean Time To Repair 

(MTTR) define the Machines. The Buffers are defined by their size. If there is one upstream 

product, the layout of the line is always the same: Machine; Buffer; Machine; Buffer; 

Machine … It is assumed, that the first machine is never starved and the last machine is never 

blocked and machine failures are exponentially distributed [10, 11]. 

 
 

 

 

 

 

 

 

 

 

Figure 1: Parameters of machines and buffers. 

      The analytical modelling methods are based on the stochastic analysis and analytical 

results of queuing theory of a manufacturing system. 

      In this paper, the following notations are used: 

 P[. | .] – conditional probability, 

BUFFERS defined by 

Buffer Size 

MACHINES defined by 

Cycle Time, MTBF, MTTR 
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 X(t) – random variable indexed by the parameter t(-, +), 

 𝑋 = {𝑥1, … , 𝑥𝑛} – domain of the variable; xi, xj – states, 

 dt – an “infinitely small” amount of time, 

 𝜏ij – transition rate from state xi to xj, 

 n – vertices in the graph, 

  – failure rate;  – repair rate, 

 w – working; b – busy; i – idle – the states of a machine, 

 t) – probability distribution. 

      A stochastic process is a random variable indexed by a parameter; we denote it by X(t). A 

Markov chain is a stochastic process where the domain of the variable is a countable set and 

the following relation is satisfied: 

𝑃[𝑋(𝑡𝑘) = 𝑥𝑘|𝑋(𝑡𝑘−1) = 𝑥𝑘−1,…,𝑋(𝑡1) = 𝑥1] = 𝑃[𝑋(𝑡𝑘) = 𝑥𝑘|𝑋(𝑡𝑘−1) = 𝑥𝑘−1] (1) 

 k,  t1  … tk and  x1, … , xk  in the domain of the variable [12]. 

      The property (1) simply means that the knowledge of the values taken by the variable at 

some times in the past gives us the same information on the future behaviour. In other words, 

the last measure contains all the information on the past. This property is called the no 

memory property of Markov chains. We will assume that the domain of the variable is finite, 

that is the variable takes values in the set: 

𝑋 = {𝑥1, … , 𝑥𝑛}. (2) 

      The “no memory property” says that when we are in some state xi at time t, the probability 

to travel to another state xj in the very near future can be written as: 

𝑃[𝑋(𝑡 + 𝑑𝑡) = 𝑥𝑗|𝑋(𝑡) = 𝑥𝑖] = 𝜏𝑖𝑗(𝑡)𝑑𝑡, (3) 

where,                                                       𝜏𝑖𝑗(𝑡) = 𝜏𝑖𝑗 , (4) 

      It is important to notice that transition rates have the dimension of the inverse of time. The 

value taken by the variable at time t gets the name of state since what is to happen depend 

only on this state. Usually, we will apply the following states: idle, busy, blocked. For the 

state xi, we define the outgoing rate as the sum of all transition rates from xi to all xj’s where  

i  j [12, 13]. 

      To a finite Markov chain, one can associate a graph as follows. The graph has n vertices, 

each one corresponding to a state, and there is an edge (xi, xj), if 𝜏ij  0. For example, we 

consider a machine with two states: up and down. When the machine is up, it works and may 

have failures; the breakdowns appear with rate , called the failure rate. When the machine is 

down, we repair it with a repair rate . [13]. 

      The graph of the Markov chain is as follows: 

 
 

 

Figure 2: Graph of the Markov chain of the two-state machines. 

      Flow lines comprising only two machines (Fig. 3) or three machines (Fig. 4) can be 

evaluated with exact methods under certain conditions. 

 

 

 

Figure 3: Markov model with stock 0 (2 machines). 
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Figure 4: Markov model with stock 0 (3 machines). 

      Nevertheless, for larger flow lines this method is not available. For these systems the 

decomposition method is applied. 

      Basically, these methods decompose a line consisting of L machines into (L-1) subsystems 

consisting of only two machines, as shown in Fig. 5. These two-machine subsystems are 

analysed in isolation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Machine level decomposition. 

      Before analysing the two-machine subsystems, it is required to set the following 

assumptions: 

 The first machine is never starved and the last machine is never blocked, 

 The cycle times are exponentially-distributed, 

 The buffer sizes are finite, 

 No breakdowns [14, 15]. 

      Generally, the most difficult part is in the modelling process itself. First, the Markov 

states must be identified. To do this, the suggestion is to list the physical stable situations of 

the system and for each of them ask the questions: 

 Can this situation be represented by a state? 

 In other words, does the future only depend on the fact we are in this situation? 

      If the answer is clearly negative, the situation must be decomposed in several states, like 

communicating states, two states xi and xj, which are such that 
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𝑃[𝑋(𝑡′) = 𝑥𝑗|𝑋(𝑡) = 𝑥𝑖] > 0,   for 𝑡′ > 𝑡 and (5) 

𝑃[𝑋(𝑡′) = 𝑥𝑖|𝑋(𝑡) = 𝑥𝑗] > 0,   for 𝑡′ > 𝑡 (6) 

      This means that starting from one of them we have a non-zero probability to be in the 

other one in the future. 

      In applications, it is important to know the Markov chain and the stationary probabilities, 

by using the balance equations: 

∑ 𝜋𝑖𝜏𝑖𝑗

𝑖∈𝐼
𝑗∈𝐽

= ∑ 𝜋𝑙𝜏𝑙𝑘

𝑘∈𝐼
𝑙∈𝐽

 
(7) 

where, i(t) = P[X(t) = xi] and the normalising equation: 

∑ 𝜋𝑖 = 1

𝑛

𝑖=1

 
(8) 

      The boundary conditions of the decomposition method are: 

𝜏1
𝑢 = 𝜏1 

𝜏𝑘−1
𝑑 = 𝜏𝑘 

(9) 

      The general steps of the decomposition method are the following: 

 

Figure 6: Algorithm to calculate the production rate. 

3. CASE STUDY – THE MODELLING METHODOLOGY FOR 

HEADREST SUPPORT LINE USING MARKOV CHAINS AND 

SIMULATION METHOD 

The case study is related to a manufacturing line of a car headrest support work piece (Fig. 7). 

 

Figure 7: Headrest support work piece. 

Step 1: 
Initialization 

•𝜏𝑖
𝑢 = 𝜏𝑖 , i = 1, 2, 3, …, k−1 

•𝜏𝑖
𝑑 = 𝜏𝑖+1, i = 1, 2, 3, …, k−1 

 

Step 2: 
Iteration 

• Step 2.1: Evaluate quantities 

•  𝜏𝑖
𝑢 =

1
1

𝑋𝑖−1
+

1

𝜏𝑖
−

1

𝜏𝑖−1
𝑑

    i = 1, 2, 3, …, k−1 

 
• Step 2.2: Evaluate quantities 

•  𝜏𝑖
𝑑 =

1
1

𝑋𝑖+1
+

1

𝜏𝑖+1
−

1

𝜏𝑖+1
𝑢

    i = k−2, k−3, …., 1 

 

Step 3: 
Termination 

condition 

• The algorithm ends when          
|Xi−X1| <ε , i = 2, 3, . . . , k−1, 

• where ε is a pre-determined very 
small positive real number. 
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      The operations of the line manufacturing (headrest support) and the cycle time for each 

machine are shown in Table I. 

Table I: Sequence of operations. 

Machine Operation name Cycle Time (min) 

M1 Cutting 0.077 

M2 Edge Milling 0.565 

M3 Bending I 0.200 

M4 Milling B 0.343 

M5 Milling A 0.343 

M6 Deburring 0.600 

M7 Bending II 0.220 

M8 Retouch 0.190 

      It is considered the following line (Fig. 8). 

Figure 8: Flow line with buffers. 

3.1  Production rate of 2 machines using buffers (stock 1) 

By using the decomposition method with two machines and one buffer, several possible 

issues were identified in order to analyse and optimize flow lines with limited buffers 

displayed among the machines [14, 15]. 

      Assumptions: 

 There are always raw parts available before M1 and when the machining on M2 is 

finished the part leaves the system. The machining times on M1 (resp. M2) are exponentially 

distributed with rate 1 (resp. 2). With a stock place we have one more state corresponding to 

one part present in stock, while the two machines are working. We denote this state x’1. 

 The states are: 

 x1: M1 and M2 are working; 

 x’1: M1 and M2 are working and work piece is in buffer; 

 x2: M1 is working and M2 is waiting (idle); 

 x3: M1 is blocked and M2 is working. 

      These situations are indeed states because of the assumption of exponential distribution 

for the machining times. 

      It will get the graph of the Markov chain: 

 
 

 

 

Figure 9: Markov model with stock 1. 

      The stationary probabilities 𝜋1, 𝜋2, 𝜋3, 𝜋4  are obtained by writing the balance equations 

relative to the cuts between x1 and x2, x1 and x’1, x’1 and x3: 

∑ 𝜋𝑖𝜏𝑖𝑗𝑖∈𝐼
𝑗∈𝐽

= ∑ 𝜋𝑙𝜏𝑙𝑘  ⟹𝑘∈𝐼
𝑙∈𝐽

  𝜋1𝜏2 = 𝜋2𝜏1,    𝜋1𝜏1 = 𝜋3𝜏2,    𝜋3𝜏1 = 𝜋4𝜏2. (10) 

      Then, the normalising equation is used: 

•M1 
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•M3 
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𝜋1 + 𝜋2 + 𝜋3 + 𝜋4 = 1. (11) 

      For M1 with the operation Cutting and M2 with the operation Edge Milling: 

 

Figure 10: Flow line with 2 machines and 1 buffer. 

      Production rates: 

𝜏1 =
6000   units

480  min
= 12.5 ;   𝜏2 =

3368  units

480  min
= 7.01 ;  B = 1 (12) 

      The utilisation rate of M1 is: 
 𝜋1 + 𝜋2 + 𝜋3 =  0.512591, (13) 

as the sum of the probabilities of the states where M1 is working. 

      The production rate of the system is the production rate of one of the machines, in our 

case, M2, which delivers the finished parts. The production rate of M2 is the product of its 

production rate when it works, by the proportion of time M1 is working, which is: 6.407391 

products/minute. 

      To validate the analytical model, we apply a discrete-event simulation by using Delmia 

Quest software. Simulation of production lines is a powerful tool in obtaining the 

performance measures. 

      Quest is a discrete-event simulation system from DELMIA (Digital Enterprise Lean 

Manufacturing Interactive Applications) with integrated 3D capabilities. Quest combines a 

3D CAD geometry with material flow logics grouped in modules for: sources, buffers, 

machines, controllers, labours, conveyors, automated guided vehicles (AGVs), kinematics, 

power and free path systems automated storage and retrieval systems (AS/RS) and sinks. 

Delmia Quest includes real production variables within a plant layout, such as the machine 

cycle time, labourers' movement and/or operating speeds. Using these variables the users can 

analyse the effects on material handling equipment and labour [16-19]. 

      So, after a simulation of 480 minutes using Delmia Quest software, the production rate is: 

6.40 products/minute (see Fig. 11). 

 

Figure 11: Simulation of a flow line with 2 machines and 1 buffer (stock 1). 

• M1 
• B12 

• M2 
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3.2  Production rate for headrest support line with 8 machines using buffers (stock 1) 

The flow line Headrest support is consisting of M = 8 machines and 7 buffers. The system is 

decomposed into (M–1) = 7 subsystems consisting of two machines each and a buffer with 1 

piece. 

      The production rates are: 

𝜏1 =
6000  units

480  min
= 12.5 ;   𝜏2 =

3368  units

480  min
= 7.01 ;   𝜏3 =

2400  units

480  min
= 5 ; 

 

𝜏4 =
2798  units

480  min
= 5.83 ;  𝜏5 =

2798  units

480  min
= 5.83 ;  𝜏6 =

1600  units

480  min
= 3.33 ;  

 

𝜏7 =
2182  units

480  min
= 4.55 ;  𝜏8 =

2525  units

480  min
= 5.26 ;  B1=B2=…=B7= 1 

 

(14) 

      Given the solution of the subsystem with two machines and a buffer, approximate 

methods for the large lines were developed. The case study analysed in this paper is a system 

decomposed into (M–1) = 7 subsystems. Each subsystem is analysed with the help of Markov 

chain method and then, in an iterative procedure, the decomposition method is applied, in 

order to find the production rate for whole the system. 

      Implementing the decomposition approach and Markov chains in C++ programming, the 

following results (Table II, Fig. 12) are obtained. 

Table II: Results of production rates. 

Machine 𝝉𝒖 𝝉𝒅 Work in progress (WIP) 

M1 12.5 - 1.7584 

M2 6.8819 2.5407 1.5072 

M3 4.6782 2.6145 1.1968 

M4 4.7469 2.8003 1.2118 

M5 4.7814 2.7884 1.2192 

M6 2.9658 2.7827 0.5006 

M7 2.7191 4.0281 0.2827 

M8 - 5.26 - 

 

      The production rate of the flow line headrest support with 8 machines and 7 buffers (stock 

1) is 2.5236 products/minute and WIP = 7.6767 products/minute. 

 

Figure 12: Result of the model implemented in C++ by CodeBlocks. 

      Using simulation model, a production rate of 2.6625 products/minute is obtained. 
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Figure 13: Simulation of headrest support line with 8 machines and 7 buffers (1 stock). 

4. RESULTS OF THE CASE STUDY 

Applying the algorithm (Fig. 6) to calculate the production rate using Markov chains and 

having the tool for simulation, we can make some comparisons, as shown in Fig. 14. 

      This algorithm was coded in C++ and it is used to run the probabilistic states of the 

system (busy, idle and blocked) and to find a way for solving the linear equations system in 

order to calculate the production rate. The results have been calculated for the Delmia Quest 

models using a simulation time of 480 minutes, as a shift. 
 

                   

Figure 14: Comparison between modelling using Markov chains and simulation using Delmia Quest. 

      A comparison between modelling and simulation of the state times – Busy is shown in the 

following chart (Fig. 15). 
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Figure 15: Comparison between modelling and simulation of the state times – Busy. 

      By comparison, it can be seen in the figures above, that the results for the approximations 

used in the mentioned models (decomposition approach, Markov chains and Delmia Quest) 

are much closer than expected. 

      As random phenomena, like the variability of the cycle time result in a loss of production 

rate, the machines in an asynchronous flow production system are usually decoupled with the 

help of buffers [20]. 

      Experience shows that the production rate of many real-life production systems can be 

increased by buffers relocation. 

      The main goal of this research is to answer to the following question: 

 How many stocks (parts) in the buffers are required in order to achieve a production rate of 

X parts per minute? (In accordance with market demand.) 

      The goal of the optimisation is to reach the 1400 products/shift plus a security reserve of  

5 %. This sum is up to 1470 pieces/shift, translating into 3.0625 products/minute. 

      To demonstrate this effect, the model of headrest support line without any buffers is used. 

Gradually, one buffer after another is added to the system. The position is determined by a 

manual function of finding the next buffer, which will yield the greatest increase in 

throughput. 

Table III: Production rate. 

Buffer  

 

 

Production rate, 

products/minute 

Modelling Simulation 

0 1.9334 2.10417 

1 2.5236 2.6625 

2 2.8341 2.83125 

3 3.0123 3.00208 

4 3.1207 3.10417 

5 3.1893 3.16667 

 

      So, it is predicted that the line exceeds the desired production rate of 3.0625 products/ 

minute the first time with a total of 4 stocks in the buffers. 
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5. CONCLUSION 

It is necessary to help the decision-maker get a quick estimated production rate, without 

recurring to simulation. For that, an approximation method was taken into account and 

applied to a real production line. It is known that a simulation model takes a lot of time, not to 

mention the design stage, because many alternative configurations should be considered. 

      We divided the research work into three parts: simulation, exact analytical methods 

(Markov chains), and approximate analytical methods (decomposition method). This paper 

provides a detailed approach of the mathematical modelling in order to get a performance 

analysis for a real case study – Headrest support. 

      The main contributions of this study results from the answers to the following questions: 

 How can an approximate analytical method be used to evaluate the performances of the 

Headrest support flow line? 

 How can an approximate analytical method be used to maximize the performances of this 

flow line by buffer optimisation? 

      The results of this case study show that the production rate can be increased by buffers 

relocation, i.e. the buffer optimization requires the evaluation of the system configuration, 

including the buffer sizes. When we added parts in the buffers, the production rate has 

increased; this increase must be in accordance with the market demand. For the case study of 

this paper it is necessary to introduce in each buffer 4 parts in order to predict a production 

rate of 3.0625 products/ minute. 

      The analytical model proposed in this article and the algorithm coded in C++ help any 

industry company to estimate the production rate of the line in order to synchronize the 

production with the market demand. Also the results can be integrated in the Production stage 

of Product Lifecycle Management (PLM). In this stage, the layout of the machines is 

achieved, the flows of the parts are established in the manufacturing system, and then can be 

made a simulation for production optimization. PLM enables companies to accelerate product 

innovation and to propose the exploration of a specific stabilizing production technique. 

      Future research effort should be oriented to include the decomposition method and 

Markov chains in the Maintenance stage of PLM in order to estimate the MTBF (Mean Time 

Between Failures) and MTTR (Mean Time To Repair), which can be used to improve the 

efficiency of the processes in the company. 
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