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Abstract
With the purpose of minimizing the makespan of three-machine job shop scheduling problem with
intermediate transfer, in this study, a new model was built to perform the makespan minimization,
which was proved to be strongly NP-hard. From this model a heuristic algorithm was subsequently
derived with a worst-case error bound. The proposed model and derived algorithm were verified
through computational experiments carried out on a couple of small size random instances. The results
show that the heuristic algorithm possesses a tight worst-case bound of 2. This research presents an
approach for obtaining the optimal solutions of the NP-hard problem within a reasonable time.
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1. INTRODUCTION
Intermediate transfer and final delivery are reported as two critical phases through the job
transport. The former transfer the semi-finished jobs from one machine to another for
subsequent processes, and the latter delivers the completed jobs to the customers [1]. Both
phases have been paid much attention by industry and academia. In order to save cost, jobs
are commonly transported in batches rather than individually, which makes the batch capacity
a major constraint on transport. Considering the intermediate transfer and final delivery,
Cheng et al. minimized the total transport cost and total earliness penalty of batch job in a
single-machine job shop. With the aim to minimize the makespan, Lee and Chen discussed
the conditions under which all jobs are of the same size and transported in a limited batch
capacity and fixed transfer time. The transport of jobs with different sizes in a single-machine
job shop and a two-parallel machines job shop was investigated by Chang and Lee. In their
work, a polynomial-time approximation algorithm with a worst-case performance ratio of 5/3
was presented. Given the same conditions, Zhong et al., developed an approximation
algorithm of which the worst-case performance ratio reaches 3/2 [2-8].
The intermediate transfer mainly takes place in the job shop, for semi-finished jobs in
some manufacturing systems (e.g. steelmaking system) need to go through multiple
production stages. Maggu and Das examined a two-machine job shop where several
transporters are available to move jobs from one machine to the other. Chen and Lee proved
that two-machine job shop scheduling is either an NP-hard problem or has an accurate
polynomial-time solution. For the minimal makespan, Lee and Strusevich put forward a best
possible approximation algorithm that transports jobs in two batches where a single interstage
transporter with unlimited capacity was considered. Tang and Liu explored job shop
scheduling problems where the jobs are transported via a batcher and a transporter. To obtain
the minimization of the makespan, the strongly NP-hard problems were simulated by
employing a mixed integer programming model and computing experiments were performed,
from which a heuristic algorithm and a worst-case error constraint were derived. The
makespan minimization of the two-machine job shop scheduling for a single transporter with
https://doi.org/10.2507/IJSIMM17(2)CO10
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a limited capacity was reported in the work of Gong and Tang, where a heuristic algorithm
was proposed with a worst-case ratio of 2 and 7/3 respectively for two scenarios: each job
occupies the same space and different spaces of the transporter, respectively [9-19]. For the
latter case, the asymptotic worst-case ratio of 20/9 was obtained.
Based on the aforementioned works, this study focus mainly on a three-machine job shop
scheduling problem, where each job occupies a specific space during the intermediate transfer
among the three machines. During the transfer, the jobs are transported in batch on two
transporters with a limited space capacity, i.e., the total space of jobs being transported
simultaneously cannot surpass the space limit of each transporter. The purpose of this
research is to minimize the time cost for processing all jobs on the next machine through
rational sequencing and batching of the jobs on two adjacent machines. The said problem is
detailed as follows. M1, M2 and M3 are supposed to be the three machines, respectively, and
N = J1, J2, …, Jn are assumed to be the set of jobs. There are three steps in processing each job
Ji: (1) processing on M1 for p1j units of time; (2) transfer to and processing on M2 for p2j units
of time, which are not predetermined; (3) transfer to and processing on M3 for p3j units of
time. Each transporter has a fixed capacity c which is evaluated by the total space of the jobs
it can transfer in one batch. The capacity equals to the batch processing capacity. Despite the
identical capacity, the two transporters may differ in transport duration. The transport
durations of them are denoted as T1 and T2, respectively. The objective of the target problem
is to estimate the minimization of the makespan, Cmax, i.e., the maximum time cost for
completing the jobs on M3. Following Pinedo’s three-field notation [20], our problem can be
expressed as TF3||Cmax, which includes several variations of the cases studied in Lee and
Chen.
The scheduling problem for two-machine job shop stems from the burn-in operation, one
of the five main phases in semiconductor manufacturing. In the first two phases (referred to as
wafer fabrication and testing), the integrated circuits are developed, tested and invaded
individual circuits, so that the ones with defection could be discarded. Then comes the
assembly phase, in which the leads are attached to each individual circuit and paled in a
plastic or ceramic product. The assembly phase could be regarded as a single-machine case
that processes one circuit at a time. After that, the chips are transferred in batch to receive the
operation of burn-in. Within the burn-in, each chip is subjected to thermal stressing in a
constant temperature oven for a period of time defined by the customer. Of course, the time
used for burn-in should not exceed the designed value for the chip. The batch processing time
is equal to the maximum time cost among all the chips in the batch. The last phase is
branding: the manufacturer’s logo and the product serial number are stamped on the
completed circuits. This phase can also be viewed as a single machine [21-31].
The remaining part of this paper is organized as: Section 2 describes the target problem
and gives some preliminary results; Section 3 puts forward a fast heuristic algorithm specific
to the target problem; Section 4 discusses the worst-case performance of the proposed
algorithm through computational experiments; Section 5 wraps up this research with some
meaningful conclusions.

2. PROBLEM DESCRIPTION AND PRELIMINARIES
Below is a formal description of our problem. As mentioned before, any job Ji in the job set
N = J1, J2, …, Jn should be firstly processed on M1 for an unspecified period of time, secondly
be transferred to M2 via a transporter for further processing, and finally be transferred to M3
by the other transporter for final processing. All jobs are assumed to be available for
processing at time 0. The time cost for processing job j on machine Mi (i = 1, 2, 3) are denoted
as pi (i = 1, 2, 3). Let sj be the size of job j, i.e. the transporter space occupied by the job. The
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total size of all jobs in a transport batch is not allowed to exceed the capacity of the
transporter c, which can be expressed as the number of jobs, provided that all jobs share the
same size. The two transporters are of identical capacity, but differ in transfer time. The
transfer time of the two transporters are denoted as T1 and T2, respectively. Moreover, our
problem is subjected to the following two preliminaries.
Preliminary 2.1: As for a given job let N = J1, J2, …, Jn and a three-machine job shop,
there exists an optimal schedule satisfying the following conditions:
(1) Jobs are consecutively processed on machine M1 and idle time is not permitted.
(2) Within the same batch, jobs transported are processed consecutively without idle time on
three machines.
The resulting schedule is optimal pertaining to the minimization of the makespan for the
classical two-machine job shop scheduling problem [32, 33]. In the classical problem, there is
at most one job at a time on each machine. Thus, the scheduling structure is a different way
from that of two-machine problem. Johnson suggested that it is adequate to consider
permutation schedules for the three-machine problem.
Preliminary 2.2: The optimal sequence is that the n items on each machine obey the same
sequence. In other words, the sequence on the first and third machines should be the same as
that of the second machine.

3. THREE-MACHINE JOB SHOP SCHEDULING CONSIDERING
INTERMEDIATE TRANSFER
This section mainly discusses the computational complexity of the problem TF3|sj = 1| Cmax in
which each job occupies same space during transport, i.e. sj = 1, and each transporter can
handle with up to c jobs in one batch. Based on the discussion, the author presented a
heuristic algorithm specific to the problem.
3.1 Strong NP-hardness
Theorem 3.1: Three-machine job shop scheduling considering intermediate transfer is
strongly NP-hard.
The theorem proof starts from a reduction of the following 3-partition problem being
strongly NP-hard.
Suppose item j  H (H = 1, 2, …, 3h) has a positive integer size aj subject to a/4 < aj < a/2,
1 ≤ j ≤ 3h and ∑3ℎ
𝑗=1 𝑎𝑗 = ha for an integer a. The problem aims to determine the existence or
absence of disjoint subsets h, H1, H2, …, Hh , such that |H1| = |H2| = , …, = |Hh| = 3 and
∑𝑗∈𝐻𝑖 𝑎𝑗 = a, i = 1, 2, …, h.
For the target problem, an instance was created below: N = 3h, c = 3, T = p = 2a, pj = 2aj,
j = 1, 2, …, 3h, and the threshold value is obtained by y = (3h+3)a. Then, the rest is to prove
that when and only when there exists a feasible solution to the constructed instance with a
makespan not greater than y the 3-partition problem has a solution.
(Necessity) If a solution to the 3-partition problem exists, there must be a schedule to the
target problem whose makespan is not greater than y. For a given solution to the 3-partition
problem (H1, H2, …, Hh), a schedule can be constructed for the target problem, in which a
transporter leaves from the batching machine to transfer the jobs in Jj|jHi to the single
machine where the processing starts at time 3a. The last job is predicted to be finished on the
single machine at time y = (3h+3)a. Therefore, the above mentioned schedule could be
considered feasible and the makespan is y.
Proof by contradiction: Supposing that a schedule specific to the target problem with the
makespan not greater than y = (3h+3)a exists. Owing to the limited batching machine capacity,
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the minimum account of batches is h on that machine. In general, it can be assumed that there
are h+1 batches if the number of batches, h, is exceeded in the schedule. Then, the total time
cost for processing batches on the machine is (h+1)3a and the one-way transfer time cost on
the last batch is a. However, this is a conflicting result because all jobs in the last batch should
be considered to be handled on a single machine. Therefore, it can be seen that the schedule is
exactly composed of h batches on the batching machine. The batches are denoted as H1, H2,
…, Hh each of which includes exactly three jobs. The total cost time on the single machine is
equal to 3ha, and the earliest possible time starting to process the job on the single machine is
P+T/2 = 3a = y – 3ha, which means that on the single machine idle time in the schedule during
[3a, (3h+3)a] is not allowed and three jobs are carried by each transporter at a time period
[a, (h+1)a] without idleness. This in turn proves that, for i = 1, 2, …, h, the processing of the
batch {Jj|jHi} starts at time (3i+1)a and completes at time (3i+3)a on the single machine.
Thus, ∑𝑗∈𝐻𝑖 𝑝𝑗 = 2a with i = 1, 2, …, h, which reveals that ∑𝑗∈𝐻𝑖 𝑎𝑗 = a with i = 1, 2, …, h is a
solution specific to the 3-partition problem. The combination of the if part and the only if part
is able to prove the validation of theorem.
Corollary 1: Problem TF3|sj = 1|Cmax is strongly NP-hard.
3.2 Three-machine production schedule
Respect to a strongly NP-hard problem TF3| sj = 1|Cmax, this study proposed a heuristic
algorithm whose upper bound is on the worst case performance ratio. The construction of the
algorithm is based on the principle of Johnson’s algorithm.
Algorithm 3.1 (Heuristic algorithm)
Step 1: Split the jobs into three sets A1, A2 and A3, with A1=∑𝑗∈𝑝𝑖 𝑝1𝑗 containing all the
jobs satisfying A1 = {pij |p1j ≤ p2j}, A2 = {pij |p1j ≥ p2j + T1/2} and A3 = {pij |p2j ≤ p1j ≤ p2j + T1/2}
considering i = 1, 2.
Step 2: Rank the jobs in A1=∑𝑗∈𝑝𝑖 𝑝1𝑗 in ascending order on M1. Further divide the jobs in
A3 into two sets B1, and B2, with B1 = {pij |p2j ≤ p1j ≤ p2j + T1/2, p3j ≤ p2j}, B2 = {pij |p2j ≤ p1j ≤ p2j +
T1/2, p2j ≤ p3j}.
Step 3: Rank the jobs in B1 in ascending order of p3j on M3. Further divide the jobs in B2
into two sets C1 and C2, with C1 = {pij |p2j ≤ p1j ≤ p2j + T1/2, p2j + T2/2 ≤ p3j} and C2 = {pij |p2j ≤ p1j
≤ p2j + T1/2, p2j < p3j < p2j + T2/2}. Similarly, rank the jobs in C2 in ascending order of dt
denoting the sum of the absolute difference of time cost for processing job t on the first and
second machines and that cost for dealing with job t on second and third machines, i.e.
dt = |p1t – p2t| + |p2t – p3t|.
Step 4: Arrange A1, A2, B1, C1 and C2 in a chain 𝐴1 ≺ 𝐵1 ≺ 𝐶2 ≺ 𝐴2 ≺ 𝐶1 in a manner that
each job in A1 precedes its corresponding job in any other set and each job in B1 precedes its
corresponding job in any other set except A1. The rest may be deduced by analogy.
Step 5: Create an empty batch R1, assign job Pj in A1, B1 and C2 to batch R1k, where
k = argminl=1, 2, …, H {c jobs are not included in Pi|Ri }, and let Pk←Pk + Pj, j = 1, 2, …, n.
Step 6: Assign the jobs of A2 and C1 into separate batches: place the first jobs of A2 and C1
into batch H+1, the second jobs of A2 and C1 into batch H+2, and so on. Perform the above
procedure until at least one of A2 and C1 become empty. Let h batches be the new batches of
the jobs in A2 and C1, so that h = mini=1,2 bi+|b1 – b2|.
Step 7: Rank the H+h batches on the basis of Johnson’s rule for the artificial threemachine job shop problem, where batch Pj is a job whose processing time are Ai, Bi and Ci in
M1, M2 and M3, respectively. The final sequence of processing batch on all three machines is
π = {R1, R2,…, RH, RH+1,…, RH+h}. Rank the batches on three machines by the order π. Based
on the order, each transporter delivers one batch at a time.
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3.3 Application of algorithm to a numerical example
The application of Algorithm 3.1 was implemented using a numerical example which was
constructed with the number of jobs n = 10, the batching machine capacity c = 3 and transfer
time of the transporters T1 = 6 and T2 = 4. Table I lists the time cost for processing jobs on
each machine.
Table I: The processing time of jobs on each machine.
Job
p1j
p2j
p3j

J1
3
5
4

J2
5
2
3

J3
4
3
3

J4
6
3
1

J5
5
5
4

J6
2
5
3

J7
5
4
3

J8
3
1
2

J9
3
2
4

J10
3
3
5

According to Steps 1 and 2 the jobs should be firstly categorized. The sorted sets are
A1 = [J1, J6], A2 = [J4], B1 = [J3, J5, J7], C1 = [J9, J10] and C2 = [J2, J8]. The sequence of the
batches is {A1, B1, C2, A2, C1,} and H = 3. By Steps 3 and 4, the sets and sequence of the jobs
are obtained as shown in Tables II and III.
Table II: Assigning the jobs into 5 sets.
Batch
A1
B1
C2
A2
C1

First position
J6
J5
J2
J4
J10

Second position
J1
J3
J8

Third position
J7

J9

Table III: Arranging the job sequence.
Job
p1j
p2j
p3j

J6
2
5
3

J1
3
5
4

J5
5
5
4

J3
6
3
1

J7
5
4
3

J2
5
2
3

J8
3
1
2

J4
6
3
1

J10
3
3
5

J9
3
2
4

All the jobs should be assigned into the batches through Steps 5 and 6: R1 = [J6, J1, J5],
R2 = [J3, J7, J2], and R3 = [J5, J8]. Following Step 7, there are R4 = [J4, J10] and R5 = [J9]. The
distribution of jobs to batches is done and shown in Table IV.
The makespan of the above solution was 62 by Algorithm 3.1 and the optimal makespan
(60) can be obtained through the mixed integer programming.
Table IV: The distribution of jobs to batches.
Batch no.
1
J6
2
J3
3
J8
4
J4
5
J10

Jobs
Processing time: Machine 1 Machine 2 Machine3
J1 J5
10
15
11
J7 J2
14
9
9
3
1
2
6
3
1
J9
6
5
9

Theorem 3.2: Algorithm 3.1 can solve three-machine job shop scheduling problem in
O(c4n4) time.
Proof: Since the heuristic algorithm has given a job sequence through Step 1 to Step 4,
the time needed to complete job j on machine M1 is C1j =∑𝑗∈𝑃𝑖 𝑝1𝑗 for j = 1, …, n. It is now
necessary to determine the departure time of each batch. For the first transporter, a finite
number of possible time points for departure from M1 are required. When the transporter
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returns from M2 to M1, two cases are under consideration, i.e., the transporter either carries a
new batch immediately or waits for the completion time of a job and then transports the batch
containing that job. As for the second transporter, the number of possible time points to leave
from M2 is limited. The same procedure occurred to the first transporter is repeated. In the
previous case, the leaving time of batch Rk is d1k-1+T2. In the second case, the leaving time is
C2j for job j. Not more than n2 candidate time points are estimated considering all the possible
leaving time for the transporter from M2. As for M3, it begins to handle a new batch Rk at
d1k-1+T2/2 or the time cost in the previous batch on M2. Therefore, the increment of the
makespan keeps unchanged. The same application to the second transporter was conducted.
At most n2 candidate points were predicted for all the possible leaving time needed for the
transporter from M3, and the completion time can be computed as a finite number.
In Algorithm 3.1, in Step 6 the Johnson’s rule requires O(nlogn) time. The time
complexity of the algorithm from Step 1 to Step 5 can be established as O(c4n4). It indicates
that the time complexity of Algorithm 3.1 is thought to be O(c4n4).

4. PERFORMANCE ANALYSIS AND COMPUTATIONAL
EXPERIMENTS
4.1 Performance analysis
To estimate the performance of heuristic algorithm proposed in this study, the first step is
assigned a lower bound on the makespan C*max pertaining to an optimal schedule π*.
Theorem 4.1: A value of 2 is imposed to the worst-case ratio of Algorithm 3.1, which is
considered as a tight bound.
Proof: Let C1 = minjp1j, C2 = minjp2j and C3 = minjp3j. Consider three auxiliary problems
AUX1, AUX2 and AUX3 of the target problem, where AUX1 is the case with C1 = minjp1j,
AUX2 is the case with C2 = minjp2j and AUX3 is the case with C3 = minjp3j. Let C*1 , C*2 and C*3
be the optimal makespans for AUX1, AUX2 and AUX3, respectively. It is possible to derive
the optimal schedules for AUX1, AUX2 and AUX3, respectively. Therefore, the first lower
bound can be determined as lb1 = C*1 , C*2 , C*3 .
Ignoring the intermediate transfer, the target problem turns into the classical TF3||Cmax
problem. Respect to an optimal schedule for TF3||Cmax, the jobs are sequenced resorting to
Johnson’s rule. If the permutation π of jobs is known, the makespan of corresponding
permutation schedule can be written as max{∑𝑢𝑗=1 𝑝1𝑗 + ∑𝑣𝑗=𝑢 𝑝2𝑗 + ∑𝑢𝑛
𝑗=𝑣 𝑝3𝑗 } for TF3||Cmax.
Following Algorithm 3.1, the second lower bound can be obtained as 𝑙𝑏2 = max{∑𝑢𝑗=1 𝑝1𝑗 +
∑𝑣𝑗=𝑢 𝑝2𝑗 + ∑𝑢𝑛
𝑗=𝑣 𝑝3𝑗 } + k (T1 + T2). Finally, the derived lower bound on the optimal makespan
can be expressed as lb = max{lb1, lb2}.
∗
The makespan obtained by the proposed algorithm could be presented using 𝐶𝑚𝑎𝑥
=
𝑢
𝑣
𝑢𝑛
∑𝑗=1 𝑝1𝑗 + ∑𝑗=𝑢 𝑝2𝑗 + ∑𝑗=𝑣 𝑝3𝑗 + k (T1 + T2)  a(N) + b(N) + c(N) + T1 + T2, where jobs u, v, w
are critical jobs in Algorithm 3.1, and k denotes the number of consecutive trips undergone by
a transporter before the process of job u on M2. Hereinto, job u is referred to as the last
processed job on M1 before this sequence of trips; and job v is defined as the first job of the
sequence, where jobs v, v+1, …, w are continuously processed on M2; similarly, job w is the
first job of jobs w, w+1, …, n to be continuously processed on machine M3. Time gap between
adjacent jobs is not permitted. Because of the impossibility of other cases, the theorem is
logically proved, which supports the result that the worst-case ratio of Algorithm 3.1 equals 2.
4.2 Computational experiments
A couple of computational experiments were carried out to validate the presented heuristic
algorithm. The proposed algorithm was translated into C language and compiled with Matlab.
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The executable file ran on a computer (512 MB RAM; 1,204 kB cache). To compare the
results, the mixed integer programming model was solved using LINGO11 based on smallscale random instances on the same PC.
A total of five small-scale instances were created randomly. On the basis of uniform
distribution within the range [0, 50], the processing time of the jobs on three machines were
randomly generated, and the transfer times of the transporters were calculated based on the
obtained processing time as introduced in Section 3.2. The results yielded from the heuristic
algorithm were contrasted with those from LINGO11.
The near optimal levels of parameters obtained by calibrating the algorithm as mentioned
in Section 3.2 were chosen in this study. Therefore, 100, 0.9, 0.05 and 0.8 were assigned to
the population size, crossover probability, mutation probability and DCV, respectively. The
compared results can be seen in Table V and Fig. 1. It is clear that the proposed algorithm
implemented with much higher speed than LINGO solver. Although the LINGO could find
the optimal solution, the computation time increased exponentially with the increment of
instance size. By contrast, the proposed algorithm obtained a near-optimal computing time.

Figure 1: Comparison of the algorithms’ performance for small-scale instance.
Table V: Results of small-scale random instances.
Instance no. Size (N) Capacity (c)
1
6
2
2
7
2
3
8
3
4
9
3
5
10
4

T1
44
45
56
65
74

T2
50
52
58
64
70

MIP value
248.00
333.00
372.00
401.50
456.00

Other alg.
253.00
364.50
401.50
435.50
533.00

Algorithm 3.1
250.00
353.50
382.00
410.50
475.50

Next, the author evaluated the effectiveness of Algorithm 3.1 for problem TF3|sj = 1|Cmax.
The test problems were randomly generated in the following steps:
a) Set the number of jobs n{50, 100, 200, 300} and transporter capacity c{1, 2, 3}.
b) Draw transfer times T1 and T2 based on the uniform distributions U[1, 40] and U[1, 20].
c) Derive job processing time p1j, p2j and p3j from the uniform distributions U[1, 50] and
U[1, 100].
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With regard to each of the 12 combinations of (n, c), 10 different test problems were
randomly produced for further experiment. For each problem for test, the CHmax and the lower
bound C*max were computed, and the average and maximum relative gaps (labelled by Avg_gap
𝐻
∗
(%) = (
and Max_gap, respectively) were obtained. 𝐶𝑚𝑎𝑥
− 𝐶𝑚𝑎𝑥

𝐻 − 𝐶∗
𝐶𝑚𝑎𝑥
𝑚𝑎𝑥
∗
𝐶𝑚𝑎𝑥

) × 100. Tables

VI and VII list the results of computational experiments. It can be observed that Algorithm
3.1 increased with the value of n, while the relative gaps declined with the increment of n.
Table VI: Results for T1, T2U[1, 20], p1j, p2j, p3j U[1, 50].
Number of
c=1
c=2
c=3
jobs (n)
Avg_gap Max_gap Avg_gap Max_gap Avg_gap Max_gap
50
0.41
0.08
2.54
9.34
5.48
9.80
100
0.06
0.14
0.89
1.37
2.56
4.54
200
0.11
0.10
0.11
0.24
0.36
0.75
300
0.01
0.13
0.11
0.22
0.22
0.44
Table VII: Results for T1, T2U[1, 40], p1j, p2j, p3j U[1, 100].
Number of
c=1
c=2
c=3
jobs (n)
Avg_gap Max_gap Avg_gap Max_gap Avg_gap Max_gap
50
0.60
1.43
3.66
7.52
5.87
8.51
100
0.15
0.50
0.86
1.53
2.24
6.85
200
0.05
0.10
0.20
0.38
0.56
0.85
300
0.02
0.05
0.11
0.20
0.19
0.59

5. CONCLUSIONS
In this study, the coordination of three-machine job shop scheduling and intermediate transfer
was explored. Each transporter only carries a limited number of jobs of which the total size is
not allowed to exceed the transport capacity. The jobs are of the same size. Two transporters
carrying the batches of jobs between machines were considered, and the capacity, transfer
times of the transporters were taken into account. The longest time cost for processing jobs of
a batch on the second machine was considered as the processing time of the batch. The
objective is to minimize the makespan. It is proved that the problem is strongly NP-hard, and
a heuristic algorithm was proposed for the problem with absolute worst-case ratio of 2. The
proposed algorithm was validated in computational experiments on small-scale random
instances. It is proved that the algorithm can access to the near optimal solutions during a
reasonable time.
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