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Abstract
Lightweight construction is playing an increasingly important role for a wide variety of reasons, such
as improving energy efficiency. In addition to lightweight material construction, lightweight structure
construction is gaining more and more influence, which is made possible due to topology
optimization. The aim of topology optimization is to develop an optimal design proposal based on a
construction space model and given boundary conditions (e.g. mechanical or thermal). The calculation
of the structural response is often done using the time consuming finite element method (FEM). Since
topology optimization is an iterative process, usually many finite element analyses (FEA) have to be
performed, which results in high computing time. Therefore, this article presents different methods to
minimize computing time by exploiting various special features that occur with FEA in the context of
optimizations.
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1. INTRODUCTION
Lightweight construction is gaining in importance and is increasingly playing an important
role in the modern development of new products. Great material savings and associated
weight reduction lead to a more efficient use of resources, resulting in better environmental
performance and lower operating costs. Topology optimization is an ideal tool for developing
lightweight structures for various applications. Typical algorithms aim to optimize stiffness,
strength or a combination of both while reducing the weight of the structure [1-4].
The problem with topology optimization is, however, that an optimization often takes
several hours and depending on the problem size can take up to a few days. This is because
the optimization usually is an iterative process, which uses the computationally expensive
finite element method (FEM) in each iteration (see Fig. 1). Besides the typical topology
optimization, which is designed for one optimization goal, other algorithms optimize several
objectives at once. These multi-objective optimization algorithms often are population based
and therefore need to conduct several calculations per iteration, which multiplies the effort
[5-7]. This high time consumption often renders the topology optimization impractical and is
one of the reasons that it is not yet widely used for commercial purposes.
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Figure 1: Typical topology optimization process.

One way to mitigate the problem of time consuming simulation runs is to reduce the size
of the optimization problem. By reducing the number of the so-called design variables,
respectively the number of the elements in the finite element mesh, the finite element analysis
https://doi.org/10.2507/IJSIMM18(3)482
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(FEA) does not take as long and the whole topology optimization is faster. However, this
procedure leads to a different problem. If the number of elements is reduced, the resolution of
the optimized result is too low and it will be difficult for the user to interpret the result (see
Fig. 2), even after smoothing the surface [8]. This also makes a parametric redesign more
difficult, which in many cases is necessary for further steps, such as production. Another
problem with reducing the size of the finite element mesh is that the optimizer may not have
the necessary freedom to find optimum structures and create fine structures where they
actually are required. Finally, a coarse mesh may lead to inaccurate results of the FEA and
therefore to wrong optimization results [9, 10].

Figure 2: Low resolution (top) compared to high resolution (bottom) results of topology optimization.

This article shows different methods for speeding up the topology optimization by
exploiting characteristic features of optimization problems. The main idea is not to change the
optimization problem by reducing its complexity but to change the way the FEM is
implemented. The reason for this is that the FEA is the most time consuming part of the
optimization process and therefore bears the highest potential for speeding up the process.
The authors’ experience indicates that the FEA makes up about 90 % to 95 % of the overall
time.

2. THEORETICAL BACKGROUND
In the following, the theoretical basics of the finite element method and topology optimization
are presented. Based on these fundamentals, different optimization potentials to accelerate the
FEA by exploiting different characteristics of topology optimization problems are shown in
the next section.
2.1 Finite Element Method
The FEM is a mathematical method for solving differential equations. In mechanical
engineering applications, the method is mainly used for calculating the mechanical behaviour
of structures, e.g. displacements, stresses and strains. The usual application involves load
cases that only lead to small displacements and therefore simplify the FEM. Further
applications, such as contact simulations or calculations with highly nonlinear material
behaviour require a more complex formulation of the method and will not be considered here
[9-12].
A FEA consists of the following steps [9-11]:
 discretization of the geometry,
 calculation of the element stiffness matrices,
 compilation of the global stiffness matrix,
 imposition of the boundary conditions,
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 solving the linear equation system,
 generation of additional output fields, e.g. stresses and strains.
Geometry Discretization
As first step of the FEA, the structure must be discretized, i.e. be broken down into
individual elements. Static mechanical analyses mainly use tetrahedral and hexahedral
elements for three dimensional structures, which can be distinguished according to the
polynomial degree of their shape functions [10].
The quality of the results of a FEA depends largely on the mesh, in particular the mesh
size. In general, mesh generation can be divided into structured and unstructured mesh
generation [11].
Element stiffness matrices
The element stiffness matrix 𝑲𝑒 of an individual element can be interpreted as an
extension of the Hooke’s Law to multiple dimensions. Therefore, the nodal displacement
vector 𝑢𝑒 of each element can be retrieved by solving the linear equation system 𝑲𝑒 𝑢𝑒 = 𝑓𝑒 ,
where 𝑓𝑒 describes the element force vector, which contains the nodal forces. The element
stiffness matrices are formed by calculating the following volume integral [10]:
𝑲𝑒 = ∭ 𝑩𝑇 𝑪𝑩 𝑑𝑉

(1)

𝑉

The volume of each element is described by 𝑉. The matrix 𝑩 contains derivatives of the
shape functions and depends on the geometry of the finite element. Last, the matrix 𝑪 is the
material matrix and depends—for isotropic materials—on the Young’s modulus 𝐸 and the
Poisson ratio 𝜈 [9, 10].
The integration of 𝑲𝑒 is done via Gauss-Legendre quadrature by first transforming the
finite element onto the space [−1, +1]³ with the coordinate axes 𝑟, 𝑠 and 𝑡. The integral can
then be approximately calculated by weighted sums, where the weights depend on the number
of integration points used for the quadrature. It should be noted that 𝑑𝑉 = det 𝑱 𝑑𝑟 𝑑𝑠 𝑑𝑡,
where 𝑱 describes the Jacobi determinant. This leads to the following approximation of
𝑲𝑒 [10]:
𝑛𝑟

𝑛𝑠

𝑛𝑡

𝑲𝑒 ≈ ∑ ∑ ∑ 𝛼𝑖 𝛼𝑗 𝛼𝑘 𝑩𝑇 (𝑟𝑖 , 𝑠𝑗 , 𝑡𝑘 ) 𝑪 𝑩(𝑟𝑖 , 𝑠𝑗 , 𝑡𝑘 ) det 𝑱(𝑟𝑖 , 𝑠𝑗 , 𝑡𝑘 )

(2)

𝑖=1 𝑗=1 𝑘=1

The values 𝑛𝑟 , 𝑛𝑠 and 𝑛𝑡 describe the integration order. For hexahedra, the integration
order 𝑛 = 2 or 𝑛 = 3 is often assumed which leads to 8 respectively 27 integration points
[10].
Global stiffness matrix compilation and boundary condition imposition
The global stiffness matrix 𝑲 and global external force vector 𝑓 are built by compiling the
element stiffness matrices 𝑲𝑒 respectively the element force vectors 𝑓𝑒 in respect to the nodal
numeration [9]:
𝑲 = ∑ 𝑲𝑒,𝑖

𝑓 = ∑ 𝑓𝑒,𝑖

𝑖

(3)

𝑖

This leads to the following linear equation system for linear static mechanical analyses,
which can be solved for the global displacement vector 𝑢 [9]:
𝑲𝑢 = 𝑓
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After compiling the global equation system, the boundary conditions like external forces
or displacements can be imposed. The reader is referred to the literature for further details,
e.g. [9, 10, 13].
Solving and output field generation
The next step is solving the resulting equation system 𝑲𝑢 = 𝑓. The methods for solving
these equation systems can be distinguished between direct and iterative methods in principle.
Common examples of these methods are, for example, the Cholesky or LU decomposition
respectively the conjugate gradient method [10].
Based on the displacement results, further output fields can be determined. For example,
the stress at a specific point in an element is obtained by the following equation [10]:
(5)
𝜎 = 𝑪𝑩𝑢𝑒
2.2 Topology optimization
Topology optimization can be described as a product development tool, which iteratively
leads to a new product design that optimally satisfies a given goal, the so-called target
function. Additionally, there may be further constraints to the resulting design. Typical goals
are maximum stiffness or minimum deflection, while typical constraints can be a maximum
stress value or a maximum weight of the structure [1, 2, 14-17].
Usually, the process for topology optimization is as follows (see Fig. 3): First, the
designer creates a rough concept of the new product, i.e. he describes the design space that
can be used and defines interfaces to surrounding other components. Based on this design
space, a FEA provides structural responses, such as stress values. The optimization algorithm
uses these responses to adapt the structure, which usually happens by adapting material
properties of the finite elements. A new FEA now provides responses for the structure with
the new properties, which in turn are used for a further iteration in the optimization algorithm.
This iterative process repeats itself until certain abort criteria are met [3].
In a typical topology optimization, the elements’ geometry does not change during the
optimization but only the respective material properties. Besides other aspects, this
characteristic can be used to reduce the number of mathematical operations per FEA and
therefore reduce the time consumption of the whole topology optimization.
Structural analysis
Structural adaption
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Figure 3: A detailed topology optimization process using the finite element method for calculating
structural responses.
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As an example of a topology optimization algorithm, the soft kill option method (SKO)
strives to maximize the strength of a new part while at the same time reducing the weight. For
this, it uses the stress response out of the FEA and adapts the Young’s modulus of each finite
element in every iteration according to the following formula [18, 19]:
(𝑘+1)

𝐸𝑖

= 𝐸𝑖𝑘 + 𝑠 ∙ (𝜎𝑖𝑘 − 𝜎𝑟𝑒𝑓 )

(6)

Here, i stands for the ith finite element, k is the current iteration, 𝜎𝑟𝑒𝑓 a user-defined
reference stress, 𝜎 the stress response out of the FEA, 𝑠 a user-defined scaling factor and 𝐸
the Young’s modulus. If the current stress level in an element is higher than the reference
stress, then the Young’s modulus will be increased, which will render the material stiffer.
Vice versa, if the stress level lies below the reference stress, then the material will be made
softer by decreasing the Young’s modulus. A softer material in return approaches the
behaviour of a hole in the structure.
This approach leads to a homogeneous surface stress level over the whole structure by
strengthening highly loaded components and by removing parts that are unnecessary for
carrying the load. This in turn reduces the weight of the structure.

3. METHODS FOR INCREASED EFFICIENCY
In the following, various methods for increasing the efficiency of the topology optimization
process are presented and discussed. As already mentioned, both the FEM and the
optimization algorithms are already highly optimized. Since FEM accounts for the largest
share of the total computing time, it poses the greatest potential for improvement. The
approaches presented are using special features of the model design for optimizations.
3.1 Adapting software architecture
The first aspect to be addressed is the software architecture of topology optimization suites.
State of the art
Current topology optimization software suites mostly consist of two separate programs
[19]. On the one hand, this is due to the fact that the topology optimization would also be
possible with another method for calculating the structure response instead of the FEM. On
the other hand, many FEM solvers like NASTRAN, Abaqus, ANSYS or Z88 existed before
the common use of topology optimization. Another reason for this development is that an
optimizer could work with different solvers.
The input data for the most common FEM solvers are text based input files, e.g. INP files
for Abaqus. Therefore, the two programs must communicate via a text file based interface
(see Fig. 4). This is the standard procedure for many topology optimization software suites
like Tosca/Abaqus [20] and Z88Arion [21, 22].

Figure 4: Typical software architecture of topology optimization suites.
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For this reason, the FEM solver must re-read all structure data (nodes and elements),
boundary conditions, material definitions for each element and other control parameters in
each iteration. Furthermore, the optimizing software must read the whole output data of the
solver, which can already include large amounts of data even for relatively small models.
Although this text-based interface offers advantages, such as the possibility to develop
optimizers and solvers independently of one another, they slow down the process
considerably. For example, the parsing of an Abaqus INP input file with 119925 nodes and
112480 hexahedron elements requires about 7 seconds for a total calculation time of
33 seconds (on an eight core CPU), which is a fraction of over 20 %. This parsing has to be
done in each iteration of the optimization.
Proposal
Our proposal is to combine the optimizer and FEM solver, either through a monolithic
development or through including the FEM solver as a program library as shown in Fig. 5.

Figure 5: Proposed software architecture.

This combination leads to two main advantages:
 The slow text-based interface is avoided (parsing and reading/writing, which is mainly
limited due to the speed of current mass storage devices).
 The structure (nodes and elements) and the boundary conditions do not change during a
topology optimization. Therefore, in each iteration, only one vector of material properties
needs to be exchanged between the FEM solver and the optimizer.
This proposal has a high potential to speed up the optimization. As stated, the parsing of
an input file can make up to about 20 % of the whole calculation time. This slowdown can be
completely avoided by changing the software architecture.
3.2 Caching of element stiffness matrices
The combination of the optimizer and FEM solver (see section 3.1) leads to possibilities to
increase the speed of topology optimizations, which are presented in this chapter.
State of the art
As already mentioned, the structure (nodes, elements and boundary conditions) of the
FE model does not change during the individual iterations of topology optimization. The only
change lies in the material data of each finite element. This fact is often not exploited in
current topology optimization software suites. Therefore, in each iteration, the global stiffness
matrix 𝑲 is rebuilt by calculating each element stiffness matrix 𝑲𝑒 and compiling the global
matrix.
Proposal
We suggest that the element stiffness matrices are not recalculated in each iteration but
cached. In case of a linear elastic FEA, the element stiffness depends linearly on the Young’s
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modulus of the corresponding element [19]. For this reason, the Young’s modulus 𝐸 can be
pulled in front of the numerical quadrature of the stiffness matrix:
𝑛𝑟

𝑛𝑠

𝑛𝑡

𝑲𝑒 = 𝐸 ∑ ∑ ∑ 𝛼𝑖 𝛼𝑗 𝛼𝑗 𝑩𝑇 (𝑟𝑖 , 𝑠𝑗 , 𝑡𝑘 ) 𝑪′ 𝑩(𝑟𝑖 , 𝑠𝑗 , 𝑡𝑘 ) det 𝑱(𝑟𝑖 , 𝑠𝑗 , 𝑡𝑘 )
(7)
1
= 𝐸 𝑲′𝑒 with 𝑪′ = 𝑪
𝐸
With this method, the computationally very expensive integration of the element stiffness
matrices has to be carried out only at the beginning of the topology optimization in the first
iteration. In each successive iteration, the matrix 𝑲′e only needs to be multiplied by the
current Young’s modulus 𝐸 of the element. In addition, the element shape functions of the
element must only be evaluated in the first iteration of the optimization.
This method also provides speed advantages in the compilation of the global stiffness
matrix 𝑲 = ∑𝑖 𝑲𝑒,𝑖 . The global stiffness matrix 𝑲 is usually stored as a sparse matrix instead
of a dense matrix since it contains only a small fraction of non-zero entries, which reduces the
memory requirement significantly [10]. The sparse matrix can be stored in various formats,
for example the CSR format [23]. The compilation requires a symbolic compilation
beforehand, i.e. the location of the non-zero elements of the matrix must be determined [10].
Due to the unchanged structure of the FE model, the location of the non-zero entries does not
change and the time consuming symbolic compilation has to be done only once at the
beginning of the calculation.
𝑖=1 𝑗=1 𝑘=1

3.3 Exploiting mesh characteristics
As said, certain properties of the finite element meshes used for topology optimizations can
be exploited to speed up the optimization. These approaches are further described in this
section.
State of the art
According to the previous section, in each iteration of the optimization the global stiffness
matrix 𝑲 must be compiled from the element stiffness matrices 𝑲𝑒 . This process can be
accelerated by caching the material independent matrices 𝑲′𝑒 , since no complete recalculation
of 𝑲𝑒 is necessary. Nevertheless, in the first iteration the computational expensive calculation
of all matrices 𝑲′𝑒 is necessary.
Proposal
The basis for topology optimization is usually a design space model. This space is often
geometrically simpler than the final component. If the user puts effort in the meshing process
– for example by partitioning the design space into geometric primitives like rectangular
cuboids, pyramids or even cylinders and using a structured mesh – a large proportion of
elements of the same size and orientation can be generated. These elements have the same
element stiffness matrix 𝑲𝑒 respectively 𝑲′𝑒 , since the stiffness of an element is independent
of its position in space and is only described relatively between its nodes. For this reason, the
element stiffness matrix does not have to be calculated for each element, but can be grouped
together for the same elements and only has to be performed once. The information about the
same elements can hereby be taken directly from the meshing software. If this is not possible,
the same elements must be identified before the first iteration. Moreover, this approach can
not only be applied to the same elements, but also be extended to rotated and/or scaled
elements, since 𝑲𝑒 can be transformed with transformation matrices, which is more efficient
than the integration of each element stiffness matrix.
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3.4 Reducing model size
It was mentioned in the introduction that the mesh must not be too coarse when running a
topology optimization; otherwise, the optimizer does not have enough freedom to determine
an optimal structure. This section describes how the size of the finite element model
respectively the global stiffness matrix 𝑲 can still be reduced to speed up the calculation.
State of the art
Currently, the entire finite element model is calculated during an optimization. However,
some of the elements are often contained in so-called fix sets or frozen regions. The Young’s
modulus of these elements is not varied during an optimization, but is fixed to the initial
value. This serves to avoid optimizing certain sections of the model, for example in areas of
load application, constraints or other structurally important areas such as contact surfaces
[20, 22]. These elements must be considered in each iteration, although their Young’s
modulus is not a design variable, which slows down both the generation of the equation
system 𝑲𝑢 = 𝑓 and its solution. Depending on the model, the fix sets can include a large
portion of the elements.
Proposal
One possibility to reduce the number of degrees of freedom is the so-called substructure
technique. Parts of the structure are condensed in advance, so that all internal nodes of the
substructure can be eliminated. Our proposal is to apply this technique automatically to all fix
sets before the first iteration. Only the nodes which are connected to the rest of the structure
remain. A typical method for the static condensation is the so called Guyan reduction [24-26].
The equation system 𝑲𝑢 = 𝑓 is rearranged, whereas the indices 𝑒 respectively 𝑖 denote
external (remaining) and internal (eliminated) degrees of freedom [24, 25]:
𝑓
𝑲
𝑲𝑒𝑖 𝑢𝑒
(8)
( 𝑒𝑒
) ( ) = ( 𝑒)
𝑲𝑖𝑒 𝑲𝑖𝑖 𝑢𝑖
𝑓𝑖
The elimination of the internal degrees of freedom leads to the following equation [25]:
𝑢𝑖 = 𝑲𝑖𝑖−1 (𝑓𝑖 − 𝑲𝑖𝑒 𝑢𝑒 )

(9)

Resubstituting yields the following reduced linear equation system [25]:
(𝑲𝑒𝑒 − 𝑲𝑒𝑖 𝑲𝑖𝑖−1 𝑲𝑖𝑒 )𝑢𝑒 = 𝑓𝑒 − 𝑲𝑒𝑖 𝑲−1
𝑖𝑖 𝑓𝑖

(10)

𝑲𝑟𝑒𝑑 𝑢𝑒 = 𝑓𝑟𝑒𝑑

(11)

The reduction of the fix sets only has to be done once at the beginning of the optimization
and is about as computationally expensive as the one-time solution of the equation system of
the substructure. The main effort consists in the inversion of the matrix 𝑲𝑖𝑖 , which has – like
the global stiffness matrix 𝑲 – only a small amount of non-zero entries and therefore can be
stored in a memory efficient sparse storage format, e.g. CSR. This calculation step can be
solved efficiently by not inverting the matrix directly, but by decomposing the matrix and
solving the equation system by forward elimination and back substitution. For this step,
highly optimized algorithms are available, which are presented in the following section. By
applying this technique, the number of degrees of freedom respectively nodes can be
significantly reduced depending on the model, which accelerates each individual iteration of
the optimization.
An example is shown in Fig. 6 (left). All of the light grey elements are in a fix set and
therefore their Young’s modulus is not a design variable. Like stated, the stiffness of the fixed
sets can be condensed to all interface nodes (see Fig. 6 (right)), which leads to a much smaller
model size and therefore higher calculation speed in each optimization iteration.
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Figure 6: Reduction of model size due to substructures (light grey: fixed sets, dark grey: design space).

3.5 Exploiting matrix characteristics
In this section, further possibilities of how the iterations of the topology optimization can be
accelerated shall be described. Therefore, the fact that not the whole structure but only the
material of the individual elements changes is exploited.
State of the art
As described, the global stiffness matrix 𝑲 usually contains only few entries and is
therefore stored as a sparse matrix. This sparsity pattern of the matrix does not change due to
the same model structure in each iteration and hence can only be calculated once for all
iterations. The resulting linear equation system 𝑲𝑢 = 𝑓 can then be solved using an equation
solver, either a direct or iterative one. Due to their numerical superiority, however, direct
equation solvers are mostly used, which are based on a decomposition of the matrix (e.g.
𝑲 = 𝑳𝑳T when using a Cholesky factorization) and subsequently solve the equation system
by forward elimination and back substitution. Since solving the equation system requires most
of the computing time in each iteration, it is important to optimize this step [10].
Proposal
Most equation system solvers are highly optimized, which means that the basic algorithm
cannot be further accelerated. However, it can be exploited that the sparsity pattern of 𝑲 does
not change between iterations. The matrices into which the matrix is decomposed are, similar
to the global stiffness matrix, also sparse matrices. The sparsity pattern of the matrices must
be calculated before the numerical decomposition of the matrix, since it is required for the
generation of the sparse storage structure (e.g. in the CSR format), which is called symbolic
factorization. This occupation can be calculated on the basis of an elimination tree [27]. Since
the sparsity pattern of the factorized matrices does not change, this can also be done once in
the first iteration and taken over in all further iterations.
The factorized matrix usually has more entries than the original matrix, the so-called fillin. This not only leads to an increased memory requirement, but also has a negative effect on
the computation time, since the computation time 𝑡 required for numerical factorization of a
matrix depends quadratically on the number of nonzero elements of the factorized
matrices [27].
Therefore, before symbolic factorization, the FE node numbers respectively matrix
columns and rows are usually renumbered in order to minimize this fill-in effect. This matrix
permutation is mostly done by heuristic methods [27], e.g. the Minimum Degree
Algorithm [28] or Nested Dissection Algorithm [29]. According to the authors’ experience,
depending on the model, the fill-in reduction and symbolic factorization make up to about one
third of the total calculation time needed to solve the equation system when using the
PARDISO [23] solver in combination with the Nested Dissection Algorithm. Therefore, the
step of solving the equation system can also significantly be accelerated by performing the
symbolic factorization and fill-in reduction only in the first iteration.
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4. CONCLUSION
Topology optimization based on the FEM has become a widely used tool in virtual product
development. However, the high calculation effort often prevents a broad application in the
industry. In this article, different methods have been presented to reduce this calculation time
by taking advantage of different characteristics of FEA in topology optimization.
Not all proposed methods have to be implemented; even the use of individual methods can
lead to a significant acceleration of the optimization. It should be noted that the methods
presented here can be used not only for mechanical analyses, but also for thermal calculations,
for example. To quantify the calculation acceleration in precise terms a combined topology
optimization software and finite element solver, which implements all the discussed methods,
has to be developed.
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