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Abstract
This paper puts forward a multi-objective hybrid difference optimization algorithm to solve multiobjective flow-shop scheduling problem (FSP). The hybrid algorithm inherits the merits of differential
evolution vector operation, and makes dynamic adjustments to the search direction based on historical
data. However, the basic differential evolution algorithm is prone to the local optimum trap, due to the
low population diversity in the later stage of evolution. To solve the problem, a hybrid sampling
strategy was introduced obtain the distribution information of solution sets and to design the mutation
operator of differential evolution, thus improving the convergence of the hybrid algorithm. Finally, our
algorithm was applied to solve FSPs through simulation. The simulation results show that our
algorithm greatly outperformed the basic multi-objective evolutionary algorithm in convergence and
distribution performance.
(Received, processed and accepted by the Chinese Representative Office.)
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1. INTRODUCTION
The job-shop scheduling problem (JSP) attempts to achieve a single objective or multiple
objectives (e.g. maximum number of jobs and minimum cost), under certain constraints (e.g.
completion time and processing sequence) through rational allocation of the limited resources
of the job-shop. The flow-shop [1, 2] is a job-shop capable of automatic adjustment and
adaptive management of jobs. It consists of linkage information control, raw material
transport, and smart management. Therefore, the flow-shop scheduling problem (FSP) is a
combinatorial optimization problem with high complexity and multiple constraints. It is
difficult to obtain the optimal solution of the FSP.
In actual job-shops, the decision-maker usually selects one or more orders in the light of
the resource constraint and the consumer demand, aiming to minimize the time consumption
or enhance machine efficiency. Therefore, if some constraints are known, a complex
scheduling problem can be greatly simplified. The mathematical models for real-world
optimization problems must have various constraints. The general form of constrained
optimization can be described as:
(1)
min 𝑓𝑚 (𝑥), 𝑥 ∈ 𝑅𝑛
s.t.
𝑔𝑖 (𝑥) ≤ 0, 𝑖 = 1, … , 𝑞
ℎ𝑗 (𝑥) = 0, 𝑗 = 𝑞 + 1, … , 𝑘
𝐿𝑡 ≤ 𝑥𝑡 ≤ 𝑈𝑡 , 𝑡 = 1, … , 𝑛
where, 𝐿𝑡 and 𝑈𝑡 are the lower and upper bounds of variable 𝑥𝑡 , it can form search space 𝑆 2 .
It needs to satisfy q inequality constraints (linear or non-linear) and k-q equality constraints.
This paper puts forward a multi-objective hybrid differential evolution algorithm to solve
the FSP with multiple objectives. Firstly, the distribution of solution sets was obtained using
https://doi.org/10.2507/IJSIMM18(3)CO11

500

Pei, Shan: A Multi-Objective Hybrid Differential Optimization Algorithm for Flow-Shop …
hybrid sampling strategy, which considers the changes of minimizing the completion time and
the machine load. During differential evolution, several mutation operators were designed to
select alternative individuals in varied ways, thereby guiding the search direction, speeding up
convergence and improving distribution performance.

2. LITERATURE REVIEW
The FSP, as a classical JSP, has been extensively studied in the field of real production. It is
also known as permutation FSP. The main constraint on the problem is that the operations of
a job should be implemented on different machines, but following the same sequence. The
existing algorithms for the FSP fall into two categories: optimization algorithms based purely
on mathematics [3] and swarm intelligent optimization algorithms inspired by bionics [4, 5].
Intelligent optimization algorithms combine the merits of natural learning and artificial
intelligence. Both single-objective optimization problems (e.g. function optimization and
wave crest search) and multi-objective ones can be solved satisfactorily by these algorithms.
In particular, intelligent optimization algorithms converge quickly to the near-optimal or
optimal solution set of multi-objective JSPs. As a result, many scholars have applied
intelligent optimization algorithms to solve the FSP.
The most popular intelligent optimization algorithms include the genetic algorithm (GA)
[6-8], the simulated annealing (SA) algorithm [9], the tabu search (TS) [10], the neural
network (NN) [11] and the particle swarm optimization (PSO) [12]. Each of them has its own
strengths. However, a single intelligent optimization algorithm often shows different degrees
of inadequacy in handling different types of problems. To overcome the defect, the design of
hybrid algorithms has emerged as a new hotspot. The hybrid algorithm is generally created by
fusing different algorithms into the basic framework, and thus features the advantages of
multiple types of algorithms.
Many scholars have introduced evolutionary algorithms to solve the FSP, because the
problem has multiple constraints and objectives [13-15]. For example, Gao et al. [16]
proposed two constructive heuristic methods embedded with local search and modified
iteration operators, and combined them into a hybrid heuristic algorithm that can minimize the
makespan under constraints. Focusing on the FSP with grouped jobs, Sun et al. [17] relied on
fitness calculation and local search to maintain the population diversity and convergence,
respectively. Drawing on the structure of food chain and the principle of survival of the
fittest, Nabipoor Afruzi et al. [18] improved the non-dominated sorting genetic algorithm II
(NSGA-II), and enhanced the convergence performance through radical competition mode.
The differential evolution [19] has now been extended to multi-objective optimization
problems. This heuristic global search algorithm executes the mutation operation before
crossover. The floating-point encoding blesses the algorithm with high global search
efficiency in continuous space. For the maximal makespan, Lwin and Qu [20] designed a
guidance agent based on probabilistic model for adaptive differential evolution with
neighbourhood search, which guides the child chromosome selection of differential evolution
algorithm. Shao and Pi [21] constructed a distribution model with an adaptive scaling
factor, counted the dominant individuals in population evolution, and changed the selection
mode of self-suitability, thereby avoiding the local optimum trap. Based on probability model,
Soltani and Karimi [22] used the distribution estimation algorithm to keep the differential
evolution algorithm away from the local optimum trap, and solve the mixed zero-idle
permutation FSP.
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3. MULTI-OBJECTIVE HYBRID DIFFERENTIAL OPTIMIZATION
BASED ON HYBRID SAMPLING
3.1 Basic differential evolution algorithm
Differential evolution is a population-based evolutionary algorithm. In the algorithm, the
nondeterministic polynomial (NP) real parameter vectors are taken as the population of each
generation. Each vector, also known as a chromosome, forms a candidate solution to the
optimization problem aiming to minimize or maximize 𝑓(𝑥⃗), where 𝑋⃗ = [𝑥1 , 𝑥2 , … , 𝑥𝐷 ]𝑇 is a
vector of D-dimensional decision variables. For each decision variable, the lower and upper
bounds are denoted as xj,min and xj,max, respectively.
The initial aim of the basic differential evolution algorithm is to set control parameters
and initialize the population. The algorithm parameters include population size (NP), scale
factor (F) and crossover probability (Cr). The quality of the parameter set directly bears on
the convergence speed to the global near-optimal or optimal solution set.
Let G = 0, 1, …, Gmax be the generations. Then, the ith vector of the population can be
described as:
⃗⃗⃗⃗⃗⃗⃗
(2)
𝑋𝑖,𝐺 = [𝑥1,𝑖,𝐺 , 𝑥2,𝑖,𝐺 , … , 𝑥𝐷,𝑖,𝐺 ]𝑇
The initial population of vectors (G = 0) is randomly generated to cover as much space in
the search space as possible. Hence, the jth component of the ith vector can be initialized as:
𝑥𝑗,𝑖,0 = 𝑥𝑗,𝑚𝑖𝑛 + (𝑥𝑗,𝑚𝑎𝑥 − 𝑥𝑗,𝑚𝑖𝑛 ) × 𝑟𝑎𝑛𝑑(0,1)

(3)

where, rand (0, 1) is a random function, which returns a real number evenly distributed in [0, 1].
During the evolution process, mutation can be regarded as disturbance to individuals. In
the basic differential evolution algorithm, the current parent vector is called the target vector.
The mutation vector 𝑉𝑖,𝐺 = [𝑣1,𝑖,𝐺 , 𝑣2,𝑖,𝐺 , … , 𝑣𝐷,𝑖,𝐺 ]𝑇 constructed by mutation operator is called
the composite vector, which corresponds to the ith target vector Xi,G. The details on the
mutation operation are as follows:
𝑉𝑖,𝐺 = 𝑋𝑏𝑒𝑠𝑡,𝐺 + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )
1

(4)

2

𝑉𝑖,𝐺 = 𝑋𝑏𝑒𝑠𝑡,𝐺 + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 ) + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )
1

2

(5)

4

3

𝑉𝑖,𝐺 = 𝑋𝑟 𝑗,𝐺 + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )
1

2

(6)

3

𝑉𝑖,𝐺 = 𝑋𝑟 𝑗,𝐺 + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 ) + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )
1

2

4

3

(7)

5

𝑉𝑖,𝐺 = 𝑋𝑖,𝐺 + 𝐾 × (𝑋𝑏𝑒𝑠𝑡,𝐺 − 𝑋𝑖,𝐺 ) + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )
1

(8)

2

𝑉𝑖,𝐺 = 𝑋𝑖,𝐺 + 𝐾 × (𝑋𝑏𝑒𝑠𝑡,𝐺 − 𝑋𝑖,𝐺 ) + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 + 𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )

(9)

𝑈𝑖,𝐺 = 𝑋𝑖,𝐺 + 𝐾 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑖,𝐺 ) + 𝐹 × (𝑋𝑟 𝑗,𝐺 − 𝑋𝑟 𝑗,𝐺 )

(10)

1

1

2

2

3

3

4

where, 𝑟𝑛𝑖 is a random number within [1, NP]; F is the scale factor that positively controls the
scale of each vector; Xbest,G is the individual vector with the best fitness in the Gth generation;
K is a random number within [0, 1].
After mutation, the target vectors 𝑋𝑖 are crossed over in pairs to produce test vectors
1
2
𝐷
𝑈𝑖,𝐺 = {𝑢𝑖,𝐺
, 𝑢𝑖,𝐺
, … , 𝑢𝑖,𝐺
}. The binomial uniform crossover can be defined as:
𝑗

𝑗
𝑢𝑖,𝐺

𝑣𝑖,𝐺 ,
={ 𝑗
𝑥𝑖,𝐺 ,

if (𝑟𝑎𝑛𝑑𝑗 [0,1] ≤ 𝐶𝑅) or (𝑗 = 𝑗𝑟𝑎𝑛𝑑 )
otherwise
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where, CR is the user-defined crossover rate within [0, 1]; jrand is a random integer within
[1, D].
For a newly generated test vector, any parameter falling outside its upper and lower
bounds are reinitialized randomly within the preset range in a uniform manner. The objective
function values of all test vectors are computed for the selection operation. During the
selection, the objective function value of each test vector f (Ui,G) is compared with that of the
corresponding target vector f (Xi,G) in the current population. The vector with the larger
value will be retained in the next generation. If the two vectors have equal objective
function values, then the test vector will be retained. The selection operation can be
described as:
𝑈 ,
if (𝑓(𝑈𝑖,𝐺 ≤ 𝑓(𝑋𝑖,𝐺 ))
(12)
𝑋𝑖+1,𝐺 = { 𝑖,𝐺
𝑋𝑖,𝐺 ,
otherwise
These above steps are repeated generation after generation until satisfying the termination
condition.
3.2 Multi-objective hybrid difference optimization algorithm
Differential evolution can improve convergence performance by guiding search direction and
exploiting the solution space through individual differences. Compared with the basic
differential evolution algorithm, the hybrid difference optimization algorithm both
enhances the convergence and allocation performance of the FSP, but also maintains the
diversity of solutions.
To improve the FSP performance, the author proposed an algorithm based on
differential evolution and hybrid differential optimization. The framework of the proposed
algorithm can be set up in the following steps.
Stage 1: Following the sampling strategy of VEGA, the individuals with better target
values in P(t) were selected to form multiple small populations.
Stage 2: The small populations and the elite population A(t) from Stage 1 were combined
into a mating pool. In the mating pool, the individuals who perform well on different targets
were stored in Pop-1 and Pop-2, respectively. The elite individuals with good PDDR-FF
values were stored in the elite population. Overall, one third of the individuals perform well
on one objective, one third on another objective and the remaining one third on multiple
objectives.
Stage 3: New individuals were generated, and subjected to mutation and crossover,
forming a new population P(t+1).
Stage 4: A(t) and P(t) were combined into a temporary elite population A'(t), the PDDRFF values of all individuals in A'(t) were calculated, and all these individuals were ranked in
ascending order of fitness. Then, A(t) individuals were replicated to form A'(t + 1).
Stage 5: The solution set A''(t + 1) obtained after mutation was fused with the temporary
elite population A'(t + 1). According to the PDDR-FF value, the excellent individuals in the
fused population were selected to generate the final population A(t+1).
The evolution process of our algorithm is shown in Fig. 1.
In our algorithm, a chromosome 𝑋⃗ = [𝑥1 , 𝑥2 , … , 𝑥𝑛 ]𝑇 is still represented as a Ddimensional real parameter vector. But the dimension D must satisfy the constraint D = 2d,
where d is the total number of operations required in the FSP. Since there are two coding
stages, the chromosomes are divided into two separate parts. The first part
⃗⃗⃗⃗⃗
𝑋1 = [𝑥1 , 𝑥2 , … , 𝑥𝑛 ]𝑇 is a random real number vector, where 𝑥𝑛 is a random number within
[0, 1]. The second part ⃗⃗⃗⃗⃗
𝑋 2 = [𝑥1′ , 𝑥2′ , … , 𝑥𝑛′ ]𝑇 is the machine allocation for each operation. The
former is only applied to fitness functions and the calculation of individual fitness, while the
latter performs various genetic operations.
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Figure 1: The evolution process of our algorithm.

Fig. 2 provides the details on the individual initialization. As shown in the figure, a
random set of real vectors ⃗⃗⃗⃗⃗
𝑋1 = (0.1, 0.3, 0.5, 0.8) is generated, ⃗⃗⃗⃗⃗
𝑋1 is decoded as
⃗⃗⃗⃗⃗
𝑋 2 = (3, 2, 4, 1), and the job processing sequence is obtained as 𝐽2 , 𝐽3 , 𝐽4 , 𝐽1 .

Figure 2: Detailed process of individual initialization.

4. IMPROVED MULTI-OBJECTIVE HYBRID DIFFERENTIAL
OPTIMIZATION ALGORITHM FOR THE FSP
In the framework of hybrid differential evolution algorithm, the positions of fractional
individuals were removed by hybrid sampling strategy. A full search-based differential
operator is proposed by synthesizing vector evolution. This strategy combines global searchbased vector evolution with new selection strategy.
Three different individuals 𝑠1 , 𝑠2 and 𝑠3 were selected randomly, according to the PDDRFF values, provided that 𝑒𝑣𝑎𝑙(𝑠1 ) < 𝑒𝑣𝑎𝑙(𝑠2 ) < 𝑒𝑣𝑎𝑙(𝑠3 ). Each individual was selected
evolutionarily by the following approach:
(13)
𝑣𝑖 = 𝑠3 + 𝐾(𝑠1 − 𝑠2 )
The nature of PDDR-FF evaluation function determines that the development of the best
individual depends on the worse individual. For example, if 𝑠1 has been selected repeatedly
for genetic manipulation, the selection process can be illustrated as:
𝑣11 = 𝑠1 + 𝐾(𝑠2 − 𝑠3 ) 𝑒𝑣𝑎𝑙(𝑠2 ) < 𝑒𝑣𝑎𝑙(𝑠3 ) < 𝑒𝑣𝑎𝑙(𝑠1 )
2
(14)
{ 𝑣1 = 𝑠1 + 𝐾(𝑠4 − 𝑠5 ) 𝑒𝑣𝑎𝑙(𝑠4 ) < 𝑒𝑣𝑎𝑙(𝑠5 ) < 𝑒𝑣𝑎𝑙(𝑠1 )
…
𝑣1𝑛 = 𝑠1 + 𝐾(𝑠𝑚 − 𝑠𝑛 ) 𝑒𝑣𝑎𝑙(𝑠𝑚 ) < 𝑒𝑣𝑎𝑙(𝑠𝑛 ) < 𝑒𝑣𝑎𝑙(𝑠1 )
where, 𝑣11 , 𝑣12 and 𝑣1𝑛 are new individuals generated by genetic manipulation. If a good
individual 𝑠𝑘 is not selected, 𝑠𝑘 is not necessarily a bad individual. If A(t + 1) is generated, 𝑠𝑘
will be retained by PDDR-FF selection strategy, thanks to its good fitness.
The selected individuals were mutated by the following strategies:
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Mutation strategy 1: If eval (s3)  1, then the current individual s3 is a non-dominant
solution, and individuals s1 and s2 are also smaller than or equal to 1. In this case, the
mutation was performed by searching from the non-dominant solution s3, and from the edge
to the center along the Pareto boundary. This search pattern will improve the distribution
performance. The search direction of this mutation strategy is shown in Fig. 3.

Figure 3: The search direction of mutation strategy 1.

Mutation strategy 2: If eval (s3) > 1, then the current individual s3 is the dominant solution.
If eval (s1) > 1, then eval (s2) is also greater than 1, and all three individuals are dominant
solutions. In this case, the mutation was performed by searching from the dominant solution
s3, and from the edge to the center along the Pareto boundary. This search pattern will
improve the distribution performance. The search direction of this mutation strategy is shown
in Fig. 4.

Figure 4: The search direction of mutation strategy 2: eval (s1) > 1.

If eval (s1)  1 and eval (s2) > 1, then both s2 and s3 are dominant solutions, while s1 is nondominant. In this case, the mutation was performed by searching from the dominant solution
s3, and from the dominant area to the non-dominant area along the Pareto boundary. This
search pattern will improve the distribution performance. The search direction of this
mutation strategy is shown in Fig. 5.

Figure 5: The search direction of mutation strategy 2: eval (s1)  1.
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If eval (s1)  1 and eval (s2)  1, then s3 is a dominant solution, while both s1 and s2 are nondominant. In this case, the mutation was performed by searching from the dominant solution
s3, and from the edge to the center along the Pareto boundary. This search pattern will
improve the distribution performance. The search direction of this mutation strategy is shown
in Fig. 6.

Figure 6: The search direction of mutation strategy 2: eval (s1)  1 and eval (s2)  1.

5. SIMULATION AND RESULTS ANALYSIS
Our algorithm was simulated with the set of special test problems of the GA. The
mathematical expressions of the standard test problems are given in Table I.
Firstly, both our algorithm and the basic differential evolution algorithm were simulated
on the three benchmark problems of P1, P2 and P3. Each problem was simulated 50 times. To
minimize the simulation error, the initial populations of the two algorithms were the same in
each simulation. In addition, the two algorithms use the same encoding method and genetic
operator. The population size, maximum number of iterations, elite population size and
crossover probability were set to 100, 500, 50 and 0.85, respectively. The two parameters of
differential evolution algorithm were configured as K = 0.5 and F = 0.5. The simulation results
are shown in Table II.
The simulation results show that the chromosome length increased with the problem scale.
Our algorithm outperformed the basic differential evolution algorithm in convergence and
distribution.
Our algorithm was further verified through a case study on a 6 job, 6 machine FSP. The
details on the FSP are provided in Table III.
Table I: The standard test problems.
Problem Number of variables Interval
P1

20

Objective functions
𝑓1 (𝑥) = 𝑥1
𝑓2 (𝑥) = 𝑔(𝑥)[1 − √𝑥1 ⁄𝑔(𝑥)]

[0.1]

𝑛

g(x) = 1 + ∑

𝑖=1

P2

20

𝑥𝑖 ⁄(𝑛 + 1)

𝑓1 (𝑥) = 𝑥1
𝑓2 (𝑥) = 𝑔(𝑥)[1 − (𝑥1 ⁄𝑔(𝑥))2 ]

[0.1]

𝑛

g(x) = 1 + ∑

𝑖=1

𝑥𝑖 ⁄(𝑛 + 1)

𝑓1 (𝑥) = 𝑥1

P3

20

[0.1]

𝑓2 (𝑥) = 𝑔(𝑥)[1 − √𝑥1 ⁄𝑔(𝑥) −
𝑛

g(x) = 1 + ∑

𝑖=1
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𝑥1
sin 10𝜋𝑥𝑖 ]
𝑔(𝑥)

𝑥𝑖 ⁄(𝑛 + 1)
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Table II: The simulation results of the two algorithms.
Mean value
Basic
Our
differential
algorithm
evolution
algorithm
2.03E-01
1.32E-02
1.98E-01
1.33E-02
1.12E-01
1.49E-02

Problem

P1
P2
P3

Standard deviation
Basic
Our
differential
algorithm
evolution
algorithm
7.62E-02
2.75E-03
5.76E-02
2.38E-03
6.17E-02
1.77E-03

Table III: The 6 job, 6 machine FSP.
Jobs

W1

W2

W3

W4

W5

W6

Operations
O11
O12
O13
O14
O15
O21
O22
O23
O24
O25
O31
O32
O33
O34
O35
O41
O42
O43
O44
O45
O51
O52
O53
O54
O55
O61
O62
O63
O64
O65

M1

M2

Machines
M3
M4

M5

M6

45
16
-4
8
26
-13
-29
23
30
9
20
8
8
--22
18
27
9
13
11
14
10
26
16
9
12

40
-32
-10
22
38
11
9
-25
----7
-14
17
16
26
--9
12
9
24
-7
10

48
-36
5
--35
-7
27
--7
18
7
-5
12
-15
--11
-10
9
22
--9

36
-19
---28
17
6
25
22
26
5
-7
4
--13
-22
-8
9
10
7
-12
8
6

38
-81
2
6
22
-9
5
23
19
--18
5
-3
9
10
11
-6
5
8
7
8
20
13
6
--

32
-22
3
6
20
33
-6
--28
---6
4
11
15
12
--9
--8
21
14
---

The parameters of our algorithm were initialized as: population size = 500, maximum
number of iterations = 200, elite population size = 100, and crossover probability = 0.85. The
scheduling objectives are to minimize the makespan and machine load.
Scheduling cycle and scheduling factor are two important influencing factors of the FSP.
If the cycle is too short, the scheduling plan needs to be modified repeatedly; if the cycle is
too long, the machine utilization may not be satisfactory. Hence, the rescheduling cycle was
set to 30, 60, 90 and 120, respectively. The results of the makespan are shown in Table IV
below.
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Table IV: Results (makespans) of different scheduling cycles.
Times
1
2
3
4
5

Cycle
30

60

90

120

29,832
29,783
29,912
30,418
29,863

29,745
29,712
29,985
30,426
29,865

32,689
32,517
33,598
34,325
33,690

35,790
35,562
36,127
37,650
36,851

The data in Table IV show that the makespans of the five operations in four different
cycles basically exhibited a U-shaped distribution. This means our algorithm achieved the
minimize makespan and machine load, and ensured the scheduling efficiency and stability of
the FSP.

6. CONCLUSIONS
For the multi-objective FSP, this paper proposes a hybrid multi-objective differential
evolution algorithm based on individual distribution. Considering the dominant and nondominant relationships among individuals, the individuals with better PDDR-FF values were
selected to the set of elite solutions. During the selection, a two-part mating pool was
generated according to fitness function and target value, which are respectively close to the
centre and edge of Pareto boundary. Based on the distance to the Pareto boundary,
alternative individuals were selected in multiple ways to guide the search direction and
improve the convergence and distribution. The simulation results show that our algorithm
outperformed the basic multi-objective evolutionary algorithm in convergence and
distribution performance.
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