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Abstract
This paper attempts to solve blocking flow shop scheduling problems (BFSSPs) with the aid of swarm
intelligence. After briefly introducing the BFSSPs, two single population growth models were
compared. Between them, the logistic model was selected to derive the co-evolution model among
multiple populations. Then, a dynamic hybrid ant colony optimization (ACO) strategy was proposed
based on the competition among populations. The hybrid ACO divides the ant colony into an elite
population, k search populations and a mutant population. The three populations, with the help of a
swap local search algorithm, evolve and interact with each other interactively until the algorithm
converge to the optimal solution. The feasibility of the hybrid ACO was verified through simulations
on Taillard’s classic examples. This research provides a good reference for applying swarm
intelligence in job-shop scheduling.
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1. INTRODUCTION
Through resource allocation, the scheduling problem aims to find the optimal or near-optimal
solutions to optimize one or more aspects of the tasks. Since the 1950s, many scholars have
explored the job-shop scheduling problem (JSP), creating quite a few scheduling methods
[1, 2]. With the booming economy, however, product processing is growing in terms of scale
and complexity. The traditional methods cannot adapt to the increasingly large and complex
scheduling problems.
This gives rise to new scheduling algorithms like swarm intelligence algorithms [3],
which fully consider the rapid growth of enterprise production. The typical examples include
genetic algorithm (GA) [4], ant colony optimization (ACO) [5], simulated annealing (SA)
algorithm [6], and particle swarm optimization (PSO) algorithm [7]. Inspired by natural
phenomena, these algorithms rely on the interaction between individuals in the swarm to
solve problems. With simple constraints and good universality, swarm intelligence algorithms
can converge to the optimal solution in a short time.
In the basic JSP [8], a production task needs to be completed with limited resources (e.g. a
limited number of machines). To optimize the performance indices, the operations of the jobs
contained in the task and the limited resources be allocated reasonably. Mathematically, the
JSP is to model a given production task, and make the objective function value(s) optimal or
sub-optimal under specific constraints.
This paper aims to develop an effective solver for blocking flow shop scheduling
problems (BFSSPs), an important branch of the flow shop scheduling problem (FSSP).
Firstly, the co-evolution model among multiple populations was derived from the logistic
model. Then, a hybrid ant colony optimization (ACO) strategy was proposed based on the
competition among populations, and the swap local search algorithm. The proposed strategy
was verified through simulation on Taillard’s classic examples.
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2. LITERATURE REVIEW
The existing methods for JSPs fall into three categories: traditional methods, heuristic
methods, and swarm intelligence algorithms.
The traditional methods solve JSPs with a mathematical model, namely, brand and bound
(BAB) method [9], Lagrange relaxation method [10], and dynamic programming [11].
Tozkapan et al. [12] used the BAB algorithm to maximize the completion time of BFSSP.
Aitzai et al. [13] combined BAB algorithm with PSO to solve the JSP under the blocking
constraint. Prins et al. [14] applied Lagrange relaxation to solve the mixed scheduling and
rescheduling of the steel-making process. Ariani et al. [15] solved the hybrid scheduling
problem through Lagrange relaxation. Bautista et al. [16] solved BFSSP through dynamic
programming. The traditional methods are generally suitable for small-scale scheduling
problems.
The heuristic methods design the scheduling plan of jobs based on predefined rules.
Common heuristic rules [17-19] include shortest processing time (SPT) rule, earliest due date
(EDD) rule, Johnson’s rule, Campbell-Dudek-Smith (CDS) rule, Palmer’s rule, and NawazEnscore-Ham (NEH). Based on Johnson’s rule, Guinet [20] minimized the makespan of the
two-machine flow shop scheduling problem (FSSP). Wang et al. [21] proposed a flow shop
scheduling algorithm that prioritizes the jobs with the shortest total makespan on all
machines.
Swarm intelligence algorithms are metaheuristic optimizers mimicking the behaviours of
social animals. In generally, swarm intelligence algorithms randomly initialize one or more
solutions, and then iteratively optimize the solution(s) under predefined rules, such as to
quickly converge to the optimal solution. Wang and Liu [22] developed a heuristic search GA
and applied it to hybrid FSSP. Zandieh and Karimi [23] created a hybrid GA to maximize the
completion time of FSSP. Gajpal and Rajendran [24] proposed a new ACO to minimize the
makespan of flexible JSP. Based on ACO and GA, Khalouli et al. [25] designed a hyperheuristic algorithm for hybrid FSSP. Zhang et al. [26] improved the PSO for dynamic flexible
JSP. Li et al. [27] designed a hybrid PSO algorithm to solve the BFSSP. Pempera et al. [28]
put forward a SA algorithm to maximize the completion time and total delay of the mixed
flow JSP. Wang et al. [29] presented a SA algorithm to minimize the makespan of the multiprocess hybrid FSSP.

3. METHODOLOGY
3.1 The BFSSP
In recent years, the BFSSP has attracted much attention, owing to its significance in
manufacturing and information services. As mentioned before, the BFSSP is an important
branch of the FSSP. Traditionally, the FSSP assumes that the buffer between two consecutive
machines has unlimited capacity. After its operation is complete on the current machine, a job
can be stored in the buffer until the next machine is available. However, there is no buffer in
many real-world scenarios, due to the requirements of the processing technology or machine
operations. The FSSP without any buffer becomes a BFSSP, in which the job, whose
operation on the current machine has completed, must remain on the current machine until the
next machine is available.
The BFSSP can be described as follows: A total of n jobs J = {1, 2, …, n} need to be
processed in turn on m machines M = {1, 2, …, m}. There is no buffer between any two
adjacent machines. Although its operation on the current machine is complete, a job can only
wait on the current machine until the machine of the next operation is no longer occupied.
During the waiting, the current machine is occupied and cannot process the subsequent jobs.
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The objective of the BFSSP is to minimize the makespan, i.e. to minimize the time before the
last job leaves the last machine by properly arranging the processing sequence of jobs on the
machines.
Let Ti,k be the time when job i leaves machine k, Pi,k, be the processing time of job i on
machine k, and  = ((1), (2), …, (n)) be job sequence. Then, the makespan of the job
sequence  can be calculated by:
T1,0  0
(1)
T1, k  T1, k 1  P1, k , k {1, 2,, m  1}

(2)

Ti ,0  Ti 1,1 , i {2,3,, n}

(3)

Ti , k  max Ti , k 1  Pi , k , Ti 1,k 1 k {1, 2,, m  1} i {2,3,, n}

(4)

Ti , m  Ti ,m 1  Pi ,m , i {1, 2,, n}

(5)

The BFSSP aims to find the job sequence τ making Tmax(τ )  Tmax(τ). By the above
formulas, the time of each job leaving each machine can be computed sequentially, and thus
the makespan can be obtained by Tmax(τ) = Tn,m.
*

*

3.2 Co-evolutionary algorithm based on competition among populations
Co-evolution is a biological term indicating that several species evolve together through
constant interactions. It reflects the self-adaptive features of the interactions between species.
In engineering, a complex system evolves through the co-evolution, i.e. adaptive interactions,
between its subsystems.
Co-evolutionary algorithms, as an emerging type of evolutionary algorithms, investigate
how populations change and grow, and interact with each other. With the development of the
evolution of system theory, many co-evolutionary algorithms have been developed and
applied successfully. This subsection will focus on co-evolutionary algorithm based on
competition among populations.
In nature, the survival and growth of populations depend on many factors, namely,
adaptability and competition among populations. Firstly, two single population growth
models are introduced below.
(1) Malthusian model
After analysing the law of population growth, Malthus held that population grows at a
constant rate r.
1 dN
r
N dt

That is:
dN
 rN
dt

The solution is:
N (t )  N0 e

r  t t0 

(6)

where, N0 = N(t0) is the population size at the initial time t0.
Besides, it takes a fixed time T for the population to double itself:
2 N0  N0 ert

(7)
The Malthusian model only applies to small populations. If the population is too large, the
individuals will compete for living space, causing changes to the population. Therefore, the
constant net growth rate as assumed by Malthus is not realistic, but changes with the
population size.
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(2) Logistic model
Regarding the net growth rate of population as a function of population size, r = r(N), we
have:
dN
 r(N )N
dt

(8)

Substituting the first term (competitive term) to the Malthusian model and assuming that
r(N) = r – aN, the differential equation can be obtained:
dN
 (r  aN ) N
dt

(9)

Eq. (9) is the famous Logistic model. The linear coefficient in the model is negative,
because the competition among individuals will occur with the gradual increase in the
population size. The competition will suppress the growth rate. Eq. (9) can be rewritten as:
dN
 K (K  N )N
dt

(10)

where, K is the maximum number of individuals that can be accommodated in the habitat (K
is nearly constant); N is the current number of individuals; K–N is the number of future
individuals that can be accommodated in the habitat.
Eq. (10) shows that the population growth rate is proportional to the product of N and K–N.
This agrees with the statistical law and many experiments. Hence, this equation is also known
as the statistical calculation rate of the growth of the total number of individuals.
Here, the co-evolution among multiple populations is discussed based on the logistic
model. Let P1 and P2 be two populations competing for the same habitat. Then, the growth
rates of the two populations can be derived from the logistic model:
 dN1

N a N 
 r1 N1 1  1  21 2 

K1
K1 
 dt



N 2 a12 N1 
 dN 2
 dt  r2 N 2 1  K  K 

2
2 


(11)

where, K1 and K2 are the environmental loads of the two populations in the absence of
competition, respectively; r1 and r2 are the maximum instantaneous growth rates of the two
populations, respectively; N1 and N2 are the sizes of the two populations, respectively; a21 and
a12 are competition factors about the inhibitory effects of the sizes of the two populations on
competition, respectively.
From Eq. (11), the competition between n populations can be derived as:
n
a ji N j 

dNi
N
 ri Ni 1  i  

dt
Ki j 1, j  i Ki 


(12)

Eq. (12) is the so-called co-evolution algorithm based on competition among populations.
This algorithm breaks down a large population into several sub-populations that competing
and cooperating with each other at the same time.
3.3 Hybrid ACO based on co-evolution algorithm
Drawing on the co-evolutionary algorithm of competition among populations, the competitive
evolution was simulated within the same population and among different populations. The
ACO was divided into multiple co-evolutionary systems. Through the cooperation and
competition among the subsystems, the entire algorithm and its search ability constantly
evolve.
The ant colony was split into three parts, namely, an elite population, k search populations,
and a mutant population. The elite population contains the optimal solutions in each
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population, which are further optimized. The k search populations traverse the solution space,
communicate with each other and the elite population on a regular basis, and pass the optimal
solution to the elite population. The mutant population consists of the worst solutions of the
elite population and the k search populations, serving to increase the solution diversity and
minimize the number of duplicate solutions. The mutant population does not appear until the
algorithm reaches a certain number of iterations.
The three kinds of populations evolve and interact with each other interactively until the
termination condition is reached.
(1) The operations of the elite population
The elite population needs to further optimize the optimal solution and sub-optimal
solution of the entire colony. The merits of ant colony system (ACS) and the maximum
minimum ant colony system (MMAS) were combined with the strength of the swap local
search algorithm. In each iteration, an optimal solution and a sub-optimal solution are selected
by swap local search, aiming to improve the solution quality.
The state transition rules can be defined as:



argmax  (t )  a   n  b

 ij   ij 
t

pijk (t )





q q0q0
ififq 

(13)



 ij (t )    nij 
p (t )  
 j  N k 


  ij (t )  nij 
k
ij

(14)

j N k

To increase the randomness, the roulette selection was introduced for ant k to select the
next node from node i.
Once all ants complete an iteration, the elite population update pheromone levels by global
pheromone update rules:
 ij (t  1)  (1   )  ij (t )     ijgb (t ),0    1
(15)

 ijgb (t )  1/ Tmax (t )

(16)
is the optimal

where, τij represents the pheromone level between node i and node j; Tmax
solution found by all ants.
The basic steps of the swap local search algorithm are as follows:
Step 1. Perform swaps on the selected solution: From the first job to the last job, swap the
positions of two adjacent jobs in turn, and compute the objective function values after each
swap.
Step 2. Save the optimal objective function value after all swaps.
Step 3. Update the selected solution based on the optimal objective function value.

(2) The operations of the k search populations
The k search populations traverse the solution space, and exchange information at fixed
intervals. To speed up the convergence to high-quality solutions, each of them also exchange
information with the elite population and the mutant population. The interactions within and
outside the k search populations are detailed below:
1) Interactions within the k search populations
Each search population is initialized with a random size. For each search population, the
optimal solution of the previous population is passed to the next population every certain
number of iterations. Among the k search populations, the last population passes the optimal
solution to the first population. In this way, the search space of each search population is
increased, making it more likely to find the optimal solution.
2) Interactions with the elite population
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After a number of iterations, each search population interacts with the elite population.
The optimal individual of the k search populations is passed to the elite population, which
returns the worst individual to the search population contributing the optimal individual.
3) Interactions with the mutant population
The worst individual of the k search populations and the worst individual of the elite
population are combined into a mutant population containing k+1 individuals.
(3) The operations of the mutant population
The mutant population mainly serves to increase the diversity of solutions. During the
optimization, the worst individual of the k search populations and that of the elite population
are dynamically grouped into a mutant population. Once the mutant population is generated,
the ant colony is reinitialized to create a new search space, thus avoiding the local optimum
trap.
After each iteration, the mutant population interacts with the elite population, and passes
the found high-quality solution to the elite population. The elite population further optimizes
the found high-quality solution, and returns its worst individual to the mutant population.
The mutant population is critical to the search process of the entire colony: this population
enables the algorithm to jump out of the local optimum trap, and greatly enhances the
diversity of solutions.
(4) The basic steps of the hybrid ACO

Figure 1: The workflow of the hybrid ACO.

As shown in Fig. 1, the hybrid ACO solves the BFFSP in the following steps:
Step 1. Initialize one elite population and k search populations.
Step 2. The k search populations exchange information with each other and then with the
elite population. Both types of populations are optimized through the information exchange.
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Step 3. After a certain number of iterations, the worst individual of the k search
populations and that of the elite population are combined into a mutant population.
Step 4. In each iteration, the optimal solution of the mutant population is compared with
the optimal solution of the elite population. If it is better, the optimal solution is passed to the
elite population, while the elite population returns its worst individual to the mutant
population.
Step 5. The three kinds of populations evolve and interact with each other interactively
until the termination condition is reached.

4. SIMULATION AND RESULTS ANALYSIS
To verify its performance in solving BFSSPs, the proposed hybrid ACO was compared with
several algorithms through simulations on Taillard's classic examples [30]. The examples
range from 5 machines with 20 jobs to 20 machines with 100 jobs.
Table I: Optimal values of the two algorithms on Taillard’s classic examples.
n×m
ACO_nL
1,397
20×5
1,692
20×10
2,266
20×20
3,197
50×5
3,891
50×10
4,542
50×20
6,431
100×5
7,226
100×10
8,467
100×20

Hybrid ACO
1,380
1,683
2,253
3,178
3,869
4,517
6,392
7,205
8,427

Table II: The ARPDs of the two algorithms on Taillard’s classic examples.
ACO_nL
Hybrid ACO
ARPD MinRPD MaxRPD ARPD MinRPD MaxRPD
0.94
0.51
1.53
0.00
0.00
0.00
20×5
0.83
0.28
1.26
0.00
0.00
0.00
20×10
0.66
0.31
1.13
0.00
0.00
0.00
20×20
0.61
0.29
0.97
0.00
0.00
0.00
50×5
0.58
0.22
0.78
0.00
0.00
0.00
50×10
0.49
0.18
0.72
0.00
0.00
0.00
50×20
0.40
0.22
0.69
0.00
0.00
0.00
100×5
0.17
0.53
0.00
0.00
0.00
100×10 0.36
0.11
0.59
0.00
0.00
0.00
100×20 0.38
Mean
0.58
0.25
0.91
0.00
0.00
0.00
n×m

First, the swap local search was removed from the hybrid ACO. After the removal, the
algorithm is denoted as ACO_nL. Then, the ACO_nL and the hybrid ACO were separately
applied 20 times to the mentioned examples. The minimum makespan of the 20 simulations
on each example was taken as the final result. Table I compares the final results of the two
algorithms on these examples. As shown in Table I, our hybrid ACO output better optimal
makespans on all examples than the ACO_nL. The superiority demonstrates the importance
of the swap local search.
After that, the average relative percentage deviation (ARPD) of the optimal values
obtained by each algorithm on the examples was calculated and compared in Table II. It can
be seen that the average ARPD, average MinRPD, and average MaxRPD of the ACO_nL were
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0.58, 0.25 and 0.91, while those of our hybrid ACO were all 0.00. This means our algorithm
has found the optimal values on all examples.
Furthermore, the convergence curves of the two algorithms on example tail12 were
compared (Fig. 2). The comparison shows that our algorithm converged much faster to the
optimal value of the example, thanks to the swap local search.

Figure 2: Convergence curves of the two algorithms on example tail12.

To sum up, our algorithm greatly outperforms the ACO_nL, highlighting the necessity of
adding the swap local search to the multi-population ACO.
Finally, our algorithm was compared on the said examples with ACO with neighbourhood
structure (ACONS) [31] and ACO with global pheromone evaluation (ACO_GPE) [32]. The
ARPDs of the three algorithms are compared in Table III. The average ARPD, average
MinRPD, and average MaxRPD of ACONS were 1.22, 0.88 and 1.73, respectively; the
average ARPD, average MinRPD, and average MaxRPD of ACO_GPE were 1.02, 0.70 and
1.38, respectively; the average ARPD, average MinRPD, and average MaxRPD of our
algorithm were 0.00 on all examples. The above results demonstrate that our algorithm has
found the optimal values on all examples.
Table III: The ARPDs of the three algorithms on Taillard’s classic examples.
n×m
20×5
20×10
20×20
50×5
50×10
50×20
100×5
100×10
100×20
Mean

ACONS
ARPD MinRPD MaxRPD
2.16
2.01
3.57
2.03
1.15
2.88
1.21
0.82
2.08
1.28
0.81
1.69
1.13
0.49
1.36
1.12
0.95
1.53
0.75
0.64
0.92
0.67
0.51
0.82
0.65
0.55
0.71
1.22
0.88
1.73

ARPD
1.66
1.61
1.06
1.10
1.03
0.85
0.68
0.62
0.58
1.02

ACO_GPE
MinRPD MaxRPD
1.02
2.31
0.96
2.28
0.65
1.71
0.77
1.46
0.51
1.32
0.60
1.02
0.59
0.86
0.60
0.88
0.56
0.62
0.70
1.38

ARPD
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Hybrid ACO
MinRPD MaxRPD
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

The above simulation results fully testify that our algorithm can effectively solve the
BFSSPs.

5. CONCLUSIONS
Based on competition among populations, this paper proposes a dynamic hybrid ACO for the
BFSSP. The proposed algorithm divides the ant colony into an elite population, k search
populations, and a mutant population. Initially, there are only an elite population and k
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search populations. During the iterations, information is exchanged among the search
populations, and between them and the elite population. To further improve the optimal
solution, the elite population generates an optimal solution and a suboptimal solution in each
iteration by the swap local search algorithm. Using Taillard’s classic examples, the proposed
algorithm was proved effective in solving the BFSSPs through repeated simulations.
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