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Abstract

A common method for solving multi-objective optimization problems are evolutionary algorithms (EA),
which are utilizing an iterative population-based approach and do not need prior information about the
problem to be solved. These algorithms require a variety of control parameters, e. g. the three
evolutionary operators (selection, crossover and mutation), a termination criterion and the population
size, which are subject of many studies. In contrast to these a less considered factor is the initialization
of the first population. This paper analyses the influence of different initialization methods besides the
classic sampling with a pseudo-random number generator on the convergence behaviour of the
algorithm NSGA-III.

It can be shown that different sampling methods affect the convergence behaviour significantly,
whereby some methods increase while others decrease the convergence speed. The results also show a
strong dependency and interaction between the initialization method and the optimization problem.
(Received in November 2020, accepted in December 2020. This paper was with the authors 1 week for 1 revision.)
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1. INTRODUCTION

The process of optimizing a system occurs almost everywhere. In technical context some
examples are the optimization of die-casting process parameters [1], CNC tool paths [2],
machine parameters [3], manufacturing scheduling [4] and many more [5-8].

In mathematics, optimization basically describes the problem of finding the minimal value
of an objective function f depending on its decision variables x;. In many cases further
conditions must be met. For example, various constraints, e. g. (in-)equality constraints g;j(xi)
respectively hi(xi) or box constraints (xit, xi¥) of the decision variables must be satisfied.
Therefore, the whole optimization problem can be written as follows [9-12]:

min f (x;)
gix) <0 j=1,..,]
subjectto{ hi(x;) =0 k=1,..,K
xkF<x<xf i=1,..,n
In real-world applications, the systems to be optimized are often complex and often cannot
be described by only one objective function f(xi). In fact, there are multiple objective functions

fm(Xi) which should be considered simultaneously. This leads to the following mathematical
definition of a multi-objective optimization problem [9-12]:

min fp,(x;)) m=1,...M
gj(x;) <0 j=1,..,]
subjectto{ hip(x;) =0 k=1,.., K
xF<x<xf i=1,..,n

1)

)

In order to illustrate this general formulation we look at the following example from product
development, adapted from [1]: When optimizing the die-casting process, the solidification
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time fi(x;) and the probability of defects due to insufficient filling f2(xi) should both be
minimized, which leads to a trade-off between two objective functions. Therefore, no single
best/minimal solution exists, but a set of multiple best solutions, the so-called Pareto-optimal
solutions, see Fig. 1, left. This implies that one objective can only be improved by worsening
another objective. The Pareto-optimal front in objective space (Fig. 1, right) is formed by all
Pareto-optimal solutions which are not dominated by another solution. In this context,
dominating means that one solution is no worse in all objective functions and at least strictly
better in one objective function than another solution [9-12].

Pareto-optimal solutions

Pareto-optimal front

fi(x)
f2(x)

f2,min T
— fi(x)

f1, min ——- F(x)

X1 X2 f1(x)

Figure 1: Visualization of the Pareto-optimal solutions and the Pareto-optimal front in decision (right)
and objective (left) space [9].

To solve this kind of problems with conventional optimization algorithms, the optimization
problems are often transformed into a single-objective problem. Possible approaches are for
instance summing up all weighted objective functions or considering all but one objective as
restrictions. However, these methods have various disadvantages (e. g. only one solution is
generated per optimization run) [9-12].

Another way besides the conventional algorithms for solving multi-objective optimization
problems is the use of evolutionary algorithms (EA). These heuristic-based algorithms use an
iterative population-based approach to imitate the biological evolution, the “survival of the
fittest”. A population consists of multiple individuals, which represent the decision variables.
This approach implies that a first, initial population has to be generated. At present, the decision
variables of these individuals are mostly sampled randomly [9-12]. At our best knowledge,
there are only a few studies (e. g. [13-17]) which examine the influence of other initialization
methods, especially for multi-objective optimization problems.

This paper extends this research by analysing and evaluating various alternatives for
initializing the first population to improve the convergence behaviour of state of the art
multi-objective EAs without further effort or knowledge of the system.

2. MULTI-OBJECTIVE OPTIMIZATION USING EVOLUTIONARY
ALGORITHMS

As stated in the previous chapter, EAs try to imitate the biological evolution. For this purpose,
an initial population consisting of N individuals has to be generated, whereby each individual
represents one possible solution of the optimization problem. The fundamental procedure of
most EASs is the same:

In an iteration loop over multiple generations an offspring population is generated by using
the evolutionary operators selection (select promising individuals for mating), crossover
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(exchanging information between two or more parents) and mutation (randomly perturbing the
decision variables of the child solutions). The offspring population will then be evaluated and
the best individuals of the offspring population or the combination of the parent and the
offspring population will be carried over into the next population [9-12].

There is a large number of various multi-objective evolutionary algorithms. One of the most
common algorithms is the Non-dominated Sorting Genetic Algorithm Il (NSGA-II) [18] and
its successor NSGA-I1I [19, 20]. The latter was chosen for the investigations presented in this
paper because of its very good convergence behaviour on many optimization problems.

The iteration loop of NSGA-III is briefly explained as follows: After creating an offspring
population using the evolutionary operators, the combination of the parent and offspring
population (containing 2N individuals) is divided into non-dominating fronts. Therefore,
individuals of first front are not dominated by any other individuals, individuals in the second
front are only dominated by individuals of the first front and so on. Afterwards, all individuals
of the fronts are taken over, which fit completely into the next population of the size N. From
the last front, which can no longer be fully adopted, those individuals are selected which are
closest to a pre-defined set of reference points in objective space. In this way, an even
distribution of the solutions should be achieved. More details on the algorithm can be found
in [19, 20].

3. DESCRIPTION OF THE ANALYSIS METHOD

When optimizing a system, the user often has no prior knowledge of the problem behaviour,
which can be used to generate a “good” initial population, and considers it as a black-box
[12, 21]. Since therefore no application specific initialization methods can be used, mostly
pseudo-random number generators (PRNG) are being utilized generate the decision variables
of the initial population and to cover all regions of the search space uniformly [21]. The
individuals of the initial population are the starting values of optimization and the choice of
these affects the convergence behaviour. [21] summarises, that due to an improved initial
population the probability of finding the global minimum can be increased and the variance of
the solution can be reduced. The aim of this study is to examine if other, simple initialization
methods, which need no prior knowledge of the system, perform better than the classic random
sampling for NSGA-III because they cover the design and objective space “better” or more
appropriate.
For this paper the following sampling methods are selected [22, 23]:
e Random Sampling (RS) [22]:
Random uniform sampling used as a reference.
o Latin Hypercube Sampling (LHS) [24]:
This method divides each decision variable range into equal sized intervals and retrieves a
sample from each interval.
e Improved Latin Hypercube Sampling (ILHS) [25, 23]:
This method is a further development of the classic Latin Hypercube Sampling which tries
to improve the distribution of the sampled points.
e k-means Sampling (KS) [26]:
The k-means sampling leads to a VVoronoi tessellation of the decision space.
o Stratified Sampling (STS) [24, 27]:
Using this method, the design space is divided into subcells and one point is drawn from
each cell.
e Halton Sampling (HS) [23, 28]:
The Halton sequence is a quasi-random sequence (deterministic) for creating uniformly
distributed points.
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The implementation of these algorithms is based on the software package diversipy
(Version 0.8) [22]. To visualize the differences between the selected methods, Fig. 2 shows a
distribution of 50 two dimensional points generated by each sampling method. Clear differences
are easily discernible: Some methods, like for example KS sampling, look more uniform than
others, for instance LHS. These different distributions lead to the question of whether these
different approaches have any influence on the convergence behaviour of NSGA-II1 and if so,
to what extent do they have an effect on different optimization problems.
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Figure 2: Visualization of the used sampling methods.

To compare the results of different optimization runs, a quality criterion that rates the
outcome is required. [12] defines two main goals of multi-objective optimization: Finding
solutions which lie on the Pareto-optimal front and which are simultaneously diverse enough
to cover the whole Pareto-optimal front. To measure the quality of an optimization result,
various performance metrics have been developed. According to a study of [29], one of the
most common metrics is the so-called hypervolume (HV), which describes the volume enclosed
between a reference point and the Pareto-optimal solutions and therefore should be maximized
[30, 31]. Benefits of this metric are that the cardinality, accuracy and diversity of the
optimization results can be rated simultaneously [29]. It should be noted that recent research
shows that comparing the HV of different optimizations is more complicated than it seems. For
example, the population size, the number of non-dominated solutions and the choice of the
reference point have an impact on the HV [32]. We compose the required reference point of the
maximum values of each objective of the known real Pareto-optimal front, like stated in [31].

To analyse the performance of multi-objective EAs, various test functions were published
in the literature. Most common are the ZDT [33] and DTLZ [34] problem collections. The ZDT
test problems consist of two objectives and a configurable number of decision variables n. We
use n =20, n = 30 and n = 40 for the problems ZDT1 to ZDT3 and n =5, n =10 and n = 20 for
ZDT4 & ZDT6. The DTLZ problems have a configurable number of objectives M and number
of decision variables n. For this paper, M = 3 was selected. The number of decision variables
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was setton=5,n=7andn =10 for DTLZ1 respectively n=5, n=10 and n =20 for DTLZ2
to DTLZ4. The middle value of n of each optimization problem corresponds to the default value
in [35].

As stated, the algorithm NSGA-I11 will be used for this study. The control parameters are
selected according to [19]: We use a population size of N =92 individuals and select a
maximum number of generations t as a termination criterion. The value of t is set to 1000, even
if this leads to no full convergence for all test problems. The simulated binary
crossover operator is used with a distribution index of #c. = 30 and a crossover probability of
pc = 1.0. As mutation operator the polynomial mutation with a distribution index of #m = 20 and
a probability of pm = 1/n (with the number of decision variables n) is used. The implementation
of the algorithms and the test problems is based on the software package pymoo (Version
0.4.2.1) [35].

Each combination of test problem and sampling method was repeatedly computed 200 times
to reduce the influence of the nondeterministic behaviour. The results are shown and discussed
in the next section.

4. RESULTS AND DISCUSSION

As an introductory example, Fig. 3 shows the mean HV for ZDT1 (n = 30) depending on the
number of generations t for the sampling methods RS, KS and HS.
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Figure 3: Mean HV depending on number of generations t (ZDT1, n = 30).

It is clearly visible that the sampling method affects convergence behaviour of the
algorithm: The optimization runs using HS converge much faster than RS, while KS shows an
even worse convergence behaviour than RS. Because this kind of visualization of the results is
impractical and hard to interpret not all results a presented in this form. Instead, all results are
normalized using the highest mean HV of all 200 optimization runs of the RS initialization
method for each problem. Then it is evaluated at which generation the normalized mean HV of
RS reaches at least 0.5, 0.75 and 0.95 (HVrei). Afterwards, a table shows by what percentage the
HV of the other sampling methods differs from the HV of RS at this generation. The higher this
value is, the better the sampling method, because it converges earlier. The highest (best) value
of each row is highlighted in green (=), the second highest value in light green (). The lowest
(and therefore worst) value is underlined and highlighted in light red (). In all results the mean
HV of all 200 runs was used. In addition, it is calculated whether the deviation of the mean HV
may only be subject to statistical fluctuations and therefore the significance level is
indicated (*** 2 p <0.001; ** 2 p<0.01; * 2 p <0.05) using Welch’s t-test [36].

4.1 ZDT problem collection
Table | shows the results for the ZDT problem collection in dependency of their number of

decision variables n.
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Table I: Results for the ZDT problem collection.

Problem
Name | n | AV LHS ILHS KS STS HS
0.50 +2.27 % +3.30 %** -99.32 %*** -0.36 % +87.25 %***
20 | 0.75 +1.13 % +1.50 %** -85.79 %*** -0.35 % +30.01 %***
0.95 +0.19 % +0.29 %* -22.89 %*** +0.04 % +4.81 %***
0.50 +3.86 %*** +4.31 %*** -87.25 %*** -0.77 % +94.10 %***
ZDT1 | 30| 0.75 +1.38 %* +1.81 %*** -61.38 %*** -0.23 % +32.31 %***
0.95 +0.16 % +0.18 % -12.53 %*** +0.01 % +4.99 %p***
0.50 +5.24 Y*** +4.26 %*** -41.00 %*** +1.16 % +95.75 %p***
40 | 0.75 +2.26 %*** +1.84 Yp*** -21.39 %*** +0.45 % +32.43 %***
0.95 +0.22 %* +0.21 %* -2.99 Yp*** +0.07 % +5.11 %***
0.50 -0.64 % -1.44 % -94.86 %*** -5.55 % +92.99 9p***
20 | 0.75 +0.60 % +0.67 % -64.44 %*** -0.47 % +31.51 %***
0.95 +0.28 % +0.16 % -17.02 %*** +0.17 % +5.08 %***
0.50 +0.81 % +3.32 % -76.60 %*** +1.36 % +94.78 %p***
ZDT2 | 30| 0.75 +0.00 % +1.38 % -47.23 %*** +2.71 % +32.43 %***
0.95 +0.23 % +0.57 % -9.18 %*** +0.87 % +5.11 %***
0.50 +7.72 % +3.37 % -37.96 %*** -10.14 % +99.50 %***
40 | 0.75 +1.78 % -0.33 % -20.60 %*** -6.27 %* +32.52 %p***
0.95 -0.19 % +0.24 % -3.85 %*** -0.74 % +5.17 %***
0.50 +1.61 % +2.80 %* -94.03 %*** +1.07 % +84.60 %***
20 | 0.75 +1.68 %** +2.09 %*** -71.55 %*** +0.57 % +31.50 %***
0.95 +0.47 %** +0.48 %** -17.25 %*** +0.29 % +4.89 %***
0.50 +1.83 % +3.95 %o*** -75.88 %*** +0.17 % +91.89 %p***
ZDT3 | 30 | 0.75 +1.59 %** +2.46 %*** -51.32 %*** +0.38 % +32.04 %***
0.95 +0.09 % +0.23 %* -11.75 %*** -0.00 % +5.07 %***
0.50 +2.70 %** +2.54 %** -39.72 %*** -0.67 % +94.85 %p***
40 | 0.75 +1.55 %** +1.65 %** -21.83 %*** -0.16 % +32.44 %***
0.95 +0.20 %* +0.03 % -3.70 %*** -0.10 % +5.19 %***
0.50 -3.33 % -2.57 % +4.97 % -7.81 % +11.08 %**
5 0.75 -3.60 % -2.67 % -0.08 % -4.88 %* +3.71 %
0.95 -1.41 %* -0.54 % -0.38 % -1.43 %* -0.21 %
0.50 -0.31 % +4.09 % -32.68 %*** -6.15 % +1.01 %
ZDT4 | 10 | 0.75 -0.79 % +1.11 % -10.86 %*** -2.91 % +0.74 %
0.95 -0.49 % +0.17 % -1.48 %** -0.51 % +0.16 %
0.50 +1.56 % +4.62 % +1.86 % -3.42 % +8.23 %
20 | 0.75 +0.29 % +2.66 % +2.83 % +1.88 % +3.60 %
0.95 -0.33 % +0.40 % +0.19 % +0.36 % +0.12 %
0.50 +0.16 % +1.32 % -23.22 Y%*** +2.71 % +95.32 %p***
5 0.75 -0.09 % +0.33 % -9.08 %*** +0.98 % +32.95 %p***
0.95 +0.02 % +0.01 % -3.23 %o*** +0.12 % +4.68 %***
0.50 -0.56 % +0.81 % -35.98 %*** +0.50 % +96.85 0p***
ZDT6 | 10 | 0.75 -0.30 % +0.11 % -13.64 %*** +0.30 % +33.05 %***
0.95 -0.42 % +0.03 % -3.95 Yp*** -0.06 % +5.12 %***
0.50 +0.58 % +1.23 % -37.03 %*** -0.02 % +98.09 %***
20 | 0.75 +0.03 % +0.29 % -13.25 %*** -0.10 % +33.15 %***
0.95 -0.05 % +0.14 % -3.37 %o*** +0.02 % +5.11 %***

Table I makes it clear that the different sampling methods affect the convergence behaviour
of the algorithm NSGA-I111 significantly. At first sight, deviations from almost -100% to +100 %
of the normalized HV can be observed. The most obvious thing to notice is the outstanding
performance of HS. Using this initialization method, the occurring HV is much higher for
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almost every considered optimization problem. In particular for lower values of HVr (and
therefore a lower number of generations t) the observed deviations with regard to RS are
relatively high. For a larger number of generations (HVre = 0.95) the deviations become smaller
but still greater than the other sampling methods. This observation is also confirmed by Fig. 3.
The second-best sampling method for the ZDT problem collection appears to be ILHS. The
improvements of the HV compared to HS are lower, but still noticeable with many problems.
Also, here the trend is recognizable that with a higher number of generations the differences
between ILHS and RS become smaller. LHS performs similar to ILHS, but generally slightly
worse. This was expected because ILHS tries to improve LHS with regard to the distribution of
the sampled points. In most optimization problems STS performs comparable to RS. Mostly
only small improvements or degradations can be observed which are often not statistically
significant. The worst convergence behaviour by far can be observed for KS. For almost all
optimization problems this sampling method leads to a HV which is much lower than the
reference result of RS.

The results lead to the question why HS performs significantly better than the other
methods. A characteristic aspect of this sampling method is its quasi-random character [28].
Therefore, always the same initial values are generated which could reduce the spread of the
observed results. Hence, Fig. 4 shows the minimal and maximal observed HV of all 200 runs
in dependency of the number of generations t (ZDT1, n = 30). As a reference the same graph is
shown for RS and KS. It can be seen that HS converges faster and not for any generation t a
higher HV is obtained by using RS or KS. This leads to the conclusion that HS seems to be a
very good choice for the considered problems, but leaves the underlying effect unanswered.

0.61
|
7 044 |
= I
B 0.2 4 RS — RS
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0.0 {—-+ . ' . | : .
0 100 200 300 0 100 200 300
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Figure 4: Minimal and maximal HV depending on number of generations t (ZDT1, n = 30).
4.2 DTLZ problem collection

The study is performed analogously for the DTLZ problem collection. The results are shown in
the following Table II.

The obtained results are generally much more diverse than for the ZDT problem collection.
The previously observed performance of HS cannot be reproduced for the DTLZ problem
collection. HS does no longer return the best results for almost all optimization problems,
instead it often shows a much worse convergence behaviour than the classical RS, for example
DTLZ3, n = 20. Like for the ZDT problem collection, the convergence of STS is comparable
to RS, whereby the small differences are also statistically not significant. In contrast to the
previous section, KS does not perform bad for all optimization problems. For some problems
(e. g. DTLZ3, n = 20) even large improvements in comparison to RS are obtained, whereby for
other problems (e. g. DTLZ4) the convergence behaviour is way worse. The results of LHS and
ILHS are to be emphasized here. These sampling methods lead to a higher HV in many
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optimization problems which is mainly statistically significant for DTLZ4. Only in rare cases
a worsening is observed.

Table 1I: Results for the DTLZ problem collection.

Problem
Name | n | AV LHS ILHS KS STS HS
0.50 +6.99 % +5.24 % +25.01 %*** +2.99 % +28.40 %***
5 0.75 +2.94 % +5.23 % +8.84 %* +2.99 % +14.73 %***
0.95 -0.83 % +1.57 % +1.35% +1.20 % +2.27 %
0.50 +13.86 % +5.53 % -48.08 %*** -5.61 % +19.60 %**
DTLZ1 | 7 0.75 +2.23 % +3.07 % -26.18 %*** -2.99 % +5.43 %
0.95 +2.06 % +2.13 % -2.33 % -0.35 % +0.89 %
0.50 -1.17 % -2.76 % -10.49 % +1.24 % -3.16 %
10 | 0.75 -1.06 % -2.85 % -3.99 % -0.33 % -4.90 %
0.95 +1.65 % +0.54 % +0.56 % +1.47 % +0.77 %
0.50 +1.70 %* +4.,35 %p*** -8.31 %*** +0.91 % +10.44 %***
5 0.75 +1.58 %p*** +1.70 %*** -6.26 %*** +0.57 % +2.06 %***
0.95 +0.13 % +0.18 %* -0.09 % +0.08 % -0.35 %***
0.50 +0.93 % +2.08 %* -13.42 %*** +1.73 % -8.50 %o***
DTLZ2 | 10 | 0.75 +0.25 % +0.52 % -9.21 %*** +0.15 % -2.70 %***
0.95 -0.09 % -0.03 % -0.58 %*** +0.07 % -0.69 %***
0.50 +2.44 %* +3.74 %*** | +28.48 %*** +0.99 % -3.31 %**
20 | 0.75 +0.61 % +1.42 %** +8.40 %*** +0.25 % -0.74 %
0.95 +0.12 % +0.16 %* +1.09 %*** +0.07 % -0.24 %**
0.50 -9.73 % -4.38 % +27.05 %*** +5.30 % +1.55 %
5 0.75 -4.40 % -1.29 % +8.65 %** +2.63 % +2.13 %
0.95 -0.23 % -0.93 % +0.42 % +0.80 % +1.31 %*
0.50 +3.03 % +10.49 % -12.38 % -71.21% -16.93 %*
DTLZ3 | 10 | 0.75 +4.77 % +5.79 % -4.98 % -2.49 % -1.00 %
0.95 +1.46 % +0.95 % -0.80 % -0.19 % +0.37 %
0.50 +20.90 %* +18.12 %* +45.79 %p*** +12.15% -83.30 %***
20 | 0.75 +10.44 % +4.07 % +20.21 %*** +5.73 % -64.79 %***
0.95 +6.47 % +3.40 % +13.13 %p*** +2.83 % -31.42 %***
0.50 +17.04 %*** +13.41 %*** -86.13 %*** +0.16 % -20.85 %p***
5 0.75 +13.10 %*** +12.95 0p*** -75.58 %*** +0.57 % -10.69 %***
0.95 +3.89 %** +4.91 %*** -60.80 %*** +0.15 % -6.79 %**
0.50 +19.80 %*** +21.02 %*** -96.55 %*** +3.56 % -17.58 %***
DTLz4 | 10 | 0.75 +18.77 %*** +18.26 %*** -95.27 %*** +3.81 % -8.69 %*
0.95 +10.65 %*** +9.89 %*** -92.24 %*** +2.51 % +0.16 %
0.50 +21.50 %*** +21.12 %*** -97.96 %*** +4.14 % -16.42 %***
20 | 0.75 +21.17 %*** +21.50 %*** -98.34 %*** +5.03 % -19.74 %***
0.95 +7.82 %p*** +6.77 %** -97.57 %*** +0.50 % -7.13 %*

5. CONCLUSION

In this paper it is investigated whether and how various sampling methods of the initial
population influence the convergence of multi-objective EA. The analysis was done by using
the optimization algorithm NSGA-I1I1, whereby the influence on the HV of the ZDT and the
DTLZ problem collections in dependency of the number of generations t was conducted. The
following sampling methods were considered: Random Sampling (RS), Latin Hypercube
Sampling (LHS), Improved Latin Hypercube Sampling (ILHS), k-means Sampling (KS),
Stratified Sampling (STS) and Halton Sampling (HS).
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The obtained results show a significant influence of the sampling method on the
convergence behaviour. This influence varies according to the considered optimization
problem, whereby for some combinations very large improvements or deteriorations can be
achieved, while others perform similar to the classic RS. For example, HS leads to very good
results for the ZDT problem collection and mixed results for the DTLZ problem collection.
Therefore, a dependency on the optimization problem formulation (number and behaviour of
the objective functions, number of decision variables etc.) is presumed. However, from the
results can be concluded, that using LHS or ILHS seems to be a good choice if there is no prior
knowledge of the optimization problem. For the considered problems, these methods often lead
to a slightly better convergence behaviour and a worsening only rarely occurred.

Since this correlation has been demonstrated, it is interesting for following investigations
to further examine the crucial factors for selection a sampling method. Additionally, it should
be examined why the HV convergence of some methods is faster, which, in addition to better
coverage of search space, may also be due to a higher number of non-dominated solutions. This
could be an effect for the results of HS and the ZDT problem collection. Furthermore, a more
detailed statistical evaluation (e.g. of the significance level and the data distribution) could lead
to more comprehensive insights. Also, a different choice of the reference point, like suggested
in [32], can be looked at. Furthermore, additional sampling methods, optimization problems
and optimization algorithms could be examined to obtain more information about this research
field. In addition, a dependency between the sampling method and the evolutionary operators
is presumed, which have to be investigated. The authors further examine the influence on
technical real-world applications, for example the optimization of mechanical structures and
process parameters of the die-casting process based on metamodels.
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