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Abstract
The demand for fast, economic and high load capacity intralogistics transport is a growing trend. One
of the recent solution is a logistic train, which consists of a tractor and a certain number of towed trailers.
It is essential that the trailer follows the track of the preceding unit as it allows reduction of shopfloor
area dedicated for transport. A perfectly suited steering system for this application is the double
Ackermann system. In this study, the kinematic model of the tractor with n trailers was developed based
on the Jacobian matrix. The tractor model was adapted to drive along a given trajectory using a PD
controller. The simulation studies confirmed that the PD controller is sufficient to control the trajectory
for developed kinematic model. The obtained results showed that the trailers with the double Ackermann
steering system follow a similar path, which is the most convenient for narrow turn ride. The developed
kinematic model can be used for the fast path planning and the design of transportation routes in
manufacturing areas. The expanded model with an advanced control system can be used to control a
real logistic train.
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1. INTRODUCTION
There is a constant striving in the industry for reduction of production costs and improving the
overall efficiency. This also concerns the internal logistics in which new trends can be observed.
One of the recent change is the shift from forklift-based transport to so called “milk-run
delivery” system [1]. This concept is aimed at limiting the number of intralogistics operations
in the manufacturing area. This allows companies to minimize transportation costs and
production time [2-4]. The idea of the milk-run stems directly from the method of delivering
and receiving supplies in the dairy industry. In this approach, one tanker collects milk with one
truck from many dairy farms [5]. It is similar in the industry, but the truck is replaced by the
logistic train and dairy farms are simply multiple workstations [6]. Each milk-run route is fixed
with a certain sequence of stops serving at least one supplier and being executed cyclically or
according to a schedule [7]. In the traditional intralogistics transport many vehicles (e.g.
forklifts) are used [8]. Milk-run ensures that one train is sufficient to transport materials
between workstations instead of many direct suppliers assigned to each station [9]. A single
logistic train during a single round collects and delivers parts or products [10]. The advantage
of a logistic train is that it transports more goods than other intralogistics means of transport for
each run [11]. One of the main problems with the application of logistics train that that the
transportation routes were usually designed for single vehicles operating and, hence, have
limited dimensions, which makes it difficult for trains to pass without collision with the
infrastructure [1]. For this reason, research is currently being conducted into the trajectory
analysis of steering systems [12, 13].
A logistic train consist of a tractor and a certain number of towed trailers. The tractor towing
a set of trailers usually has a classic Ackermann steering system or a rear-wheel differential
drive [12-15]. Ackermann steering system involves one or two steering wheels at the front. A
https://doi.org/10.2507/IJSIMM20-2-550
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tractor with a differential drive is similar to a wheeled mobile robot (WMR), where the two rear
wheels are driven independently [14, 16]. The front passive wheel simply adapts to the direction
of movement. The difference of rotational speeds (assuming that the rear wheels have the same
diameter) between the rear wheels causes the tractor to turn [14, 17].
Trailer steering systems concern two aspects, namely, the way of connecting trailers to
adjacent trailers and a tractor, as well as the types of wheels and axles. The conventional
steering systems have proved insufficient for trains with a large number of trailers [12, 13]. It
contains fixed drawbars, two rear fixed wheels and two caster wheels at the front or only two
rear fixed wheels [18]. The double Ackermann is a more advanced steering system. It has a
rotary drawbar at the front and four swivel wheels, the turning of which is coupled with the
rotation of that drawbar. The turn of the front rotary drawbar determines the turn of the trailer
wheels according to the Ackermann principle. The turning direction of the front wheels is the
same as the front drawbar and opposite for the rear wheels. An illustrative comparison between
the two discussed solutions is shown in Fig. 1 [12, 13].

Figure 1: A comparison of steering systems for logistic trailers: a) conventional steering system,
b) double Ackermann steering system (IRC – instant centre of rotation).

Kinematic modelling of a logistic train can be treated as modelling of an articulated n-trailer
vehicle [19]. These vehicles are considered with dynamic models, where the kinematic model
is part of the dynamic modelling of the nonholonomic system [20, 21]. Nonholonomic vehicle
models have constraints to ensure no slip ride. These non-slip conditions are described for each
wheel. Velocity is assumed to be zero in the lateral direction for each wheel [22]. The kinematic
dependencies are described in the Jacobian matrix [23]. This matrix is related to the matrix of
system constraint. The result of the multiplication of these two matrices is zero [24]. The
nonholonomic dynamic model is similar to the kinematic model [25]. Such a dynamic model is
more advanced and includes masses, moments of inertia and a driving force [26]. In case of
non-aggressive driving, the trajectory of the train may be sufficiently described and simulated
via kinematic model [27]. The kinematic model of the logistic train was considered by
Paszkowiak et al. [13]. Three types of steering systems were compared including the double
Ackermann steering system. The proposed model has been validated for real system using
trajectory captured by means of aerial drone. This kinematic model was based only on position
analysis and the calculation were performed iteratively. The results obtained in the previous
iteration were used for the subsequent step. The accuracy of the motion can be controlled by
the refinement of iteration. The movement of the train in a particular iteration was divided into
individual stages. Each iteration started with the movement of the tractor. This was followed
by motion of the trailers, one by one, from the first to the last. Each stage of moment involves
rotation and translation to maintain connection between adjacent vehicles. For the double
Ackermann steering system, the rotation of the trailer was performed relative to its centre, and
the rotation of the rotary drawbar with respect to its connection to the trailer. It can be seen that
this method is quite complicated and very laborious. The velocities were not even taken into
account as input values. In this model, the time parameter is not directly represented. One of
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the weaknesses of this model is the difficulty in the application of the control system. This
makes it impossible to calculate a specific trajectory [13].
The objective of this paper is to present a kinematic model of a logistic train consisting of
trailers with double Ackermann steering system. The model is used here for trajectory control.
The proposed calculation procedure is not complicated and the computation time is relatively
fast. The dynamics of the train is not included in the model for several reasons. The first reason
is to get the computation time as short as possible, the second is to obtain a simplified
calculation procedure that does not require many irrelevant parameters. The last one is that there
no need to take into account the dynamic phenomena during the non-aggressive running of the
logistic train.
In this paper, a new kinematic model of the modern double Ackermann steering system for
internal transport based on Milk-Run concept is presented. The development of this model
based on the Jacobian matrix enabled the implementation of a trajectory control system. The
double Ackermann steering has never been used in wheeled robots or similar multiple traileron-tractor systems. It provides a great advantage of trajectory maintenance for all towed trailers
so a drive through narrow and windy corridors can be potentially possible when compared to
other steering system. However, an application of the double Ackermann system creates an
additional challenge in the modelling of the system dynamics. In order to reduce this
complexity, a kinematic model was developed and described in this paper. The main benefit of
the proposed approach is the reduction of calculation time when compared to the dynamic
model involving frictional effects. We believe the hereby described model can be accurate for
non-aggressive driving style which applies to most industrial applications of logistic trains and
wheeled robots. Based on the literature review the double Ackermann steering system has not
yet been considered for automated guided applications. Therefore, a simple and easy-toimplement kinematic model for this steering system can provide a better understanding of the
system behaviour and its control.

2. KINEMATIC MODEL
The purpose of this section is to demonstrate how the kinematic model for a logistic train
including tractor with n trailers is designed. A graphical representation of the entire train is
presented in Fig. 2.

Figure 2: The tractor with n trailers and the generalized coordinates.
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The tractor is a described using tricycle model [28]. The wheel at the front is steered and
driven. Two passive rear wheels are fixed. The input parameters are the angular velocity of
wheel rotation and the angular velocity of the turning wheel. Both concern the front wheel of
the tractor. The position of the tractor can be described based on four generalized coordinates.
Two of them determine the location of the characteristic point of the tractor B0 (see Fig. 3 a).
The next coordinate constitutes the angular position on the plane. This is β0 angle, which is
measured between the main axis of the tractor and the horizontal line. The last generalized
coordinate of the tractor is the angle describing the angular position of the front wheel in relation
to the main axis of the tractor.
The trailers with double Ackermann steering system are divided into two components. The
first one is the rotary drawbar, and the second is the body of the trailer (see Fig. 3 b). Each of
these elements has one generalized coordinate. For the ith rotary drawbar it is βi1 angle, and for
the ith trailer – βi2 angle. Both describe the angular positions of drawbar/trailer relative to the
horizontal line. The angles describing the angular position of the trailer wheels are not included
in the generalized coordinate vector, because they are not needed to calculate the trajectory of
the trailers. These angles are closely related to the angular angles of the trailer and the drawbar
(see Fig. 3 c). Therefore, the vector of generalized coordinates for the entire system (tractor and
n trailers) can be represented as:
𝐪 = [𝑥 𝑦 𝛽0 𝛼0𝑠 𝛽11 𝛽12 ⋯ 𝛽𝑖1 𝛽𝑖2 ⋯ 𝛽𝑛1 𝛽𝑛2 ]𝑇
(1)

Figure 3: Basic parameters; a) tractor as a tricycle model, b) ith trailer with double Ackermann steering
system, c) steering angles for ith trailer.

All generalized coordinates are time-dependent. The main equation of the kinematic model
for the given system can be written as:
(2)
𝐪̇ = 𝐉(𝐪) 𝐮
where J(q) is the Jacobian matrix and u is a 2 × 1 velocity vector containing the input
parameters. This vector is given as:
𝐮 = [𝑢1 𝑢2 ]𝑇
(3)
where u1 is the rotational velocity of the front wheel, and u2 is the angular velocity of the turn
of the front wheel 𝛼̇ 0𝑠 , both referring to the tractor. The Jacobian matrix describes the
generalized velocities based on the input velocities included in u. Therefore, this matrix is the
relationship between the input parameters and the generalized velocities. In order to create the
matrix, the velocity vectors were analysed. To obtain the velocity of the trailers, it is essential
to calculate the velocities of the tractor body. The velocities include the linear velocity of B0
point and corresponding rotational velocity. These velocities have to be obtained using the input
vector u. The relationships between the input parameters and the linear (fl0) / rotational (fa0)
velocity in the local coordinate system of the tractor can be written as:
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𝑓𝑙0 = 𝑟0𝑓 cos(𝛼0𝑠 )

(4)

𝑟0𝑓
sin(𝛼0𝑠 )
ℎ0

(5)

𝑓𝑎0 =

where r0f is a radius of the front wheel of the tractor. Inside the Jacobian matrix, these
relationships must be formulated relative to the global coordinate system. Therefore, the
Jacobian matrix for the discussed system with n trailers is matrix of (4+2n) × 2 size. Each trailer
takes two rows, the tractor takes four. The two columns result from the two-element input
vector. For this system, the Jacobian matrix can be defined as:
𝐉(𝐪) = [

𝑓𝑙0 cos(𝛽0 ) −𝑓𝑙0 sin(𝛽0 ) 𝑓𝑎0 0 𝑓𝑎11 𝑓𝑎12 ⋯ 𝑓𝑎𝑖1 𝑓𝑎𝑖2 ⋯ 𝑓𝑎𝑛1 𝑓𝑎𝑛2
]
0
0
0 1 0
0 ⋯ 0
0 ⋯
0
0

𝑇

(6)

For the rotary drawbar of the first trailer, the relationships for linear (subscript l)/angular
(subscript a) velocity can be described as:
𝑓𝑙11 = 𝑓𝑙0 cos(𝛽0 − 𝛽11 ) + 𝑓𝑎0 ∙ 𝑑0 sin(𝛽0 − 𝛽11 )

(7)

𝑓𝑙0 sin(𝛽0 − 𝛽11 ) − 𝑓𝑎0 ∙ 𝑑0 cos(𝛽0 − 𝛽11 )
dp1

(8)

𝑓𝑎11 =

These velocities refer to the connection point of the rotary drawbar with the trailer to which
this drawbar belongs. For the first trailer, the velocity relationships can be described similarly
as for the ith trailer. The relationships for the rotary drawbar of the ith trailer (subscript i1) and
itself (subscript i2) can be written as:
ℎ𝑖−1
) sin(𝛽(𝑖−1)2 − 𝛽𝑖1 )
2
ℎ
sin(𝛽(𝑖−1)2 − 𝛽𝑖1 ) + 𝑓𝑎(𝑖−1)2 ∙ (𝑑𝑖−1 + 𝑖−1
2 ) cos(𝛽(𝑖−1)2 − 𝛽𝑖1 )
dpi

𝑓𝑙𝑖1 = 𝑓𝑙(𝑖−1)2 cos(𝛽(𝑖−1)2 − 𝛽𝑖1 ) + 𝑓𝑎(𝑖−1)2 ∙ (𝑑𝑖−1 +

𝑓𝑎𝑖1 =

𝑓𝑙(𝑖−1)2

𝑓𝑙𝑖2 = 𝑓𝑙𝑖1 cos(𝛽𝑖1 − 𝛽𝑖2 )
𝑓𝑎𝑖2 =

2𝑓𝑙𝑖1
sin(𝛽𝑖1 − 𝛽𝑖2 )
hi

(9)
(10)
(11)
(12)

The main equation of the system can be solved numerically to obtain the interpolating
functions of the generalized coordinates. Then, the logistic train can be visualized in time. At
this stage, it is necessary to determine the steering angles in the trailers with the double
Ackermann steering system. These angles for the ith trailer are shown in Fig. 3 c and can be
denoted as:
ℎ𝑖
)
𝑣𝑖 + ℎ𝑖 ctg(𝛽𝑖1 − 𝛽𝑖2 )
ℎ𝑖
= arctg (
)
−𝑣𝑖 + ℎ𝑖 ctg(𝛽𝑖1 − 𝛽𝑖2 )
𝛼𝑖𝑟𝐿 = −𝛼𝑖𝑓𝐿
𝛼𝑖𝑟𝑅 = −𝛼𝑖𝑓𝑅

𝛼𝑖𝑓𝐿 = arctg (
𝛼𝑖𝑓𝑅
{

(13)

where, the subscripts: f, r, L, R refer to front, rear, left, right respectively. The steering angles
of the wheels are measured in the same direction. This causes the rotation of rear wheels to
have the opposite sign to the front ones.

3. DESIGN OF KINEMATIC CONTROLLER
In this section the kinematic controller is presented for trajectory control that can allow the
tractor to drive along a given path. The specific values can be given as input parameters in u,
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see Eq. (3). However, it is reasonable to provide a specific trajectory to guide the train. For this
purpose, a PD controller was used. In that case, the input parameters can be described as:
𝑢1 = {

𝐾𝑝1 𝑒𝑝 + 𝐾𝑣1 𝑒̇𝑝
𝜃𝑚𝑎𝑥 ⁄𝑟0𝑓

−𝜔𝑚𝑎𝑥
𝑢2 = {𝐾𝑝2 𝑒𝛼 + 𝐾𝑣2 𝑒̇𝛼
𝜔𝑚𝑎𝑥

𝐾𝑝1 𝑒𝑝 + 𝐾𝑣1 𝑒̇𝑝 < 𝜃𝑚𝑎𝑥 ⁄𝑟0𝑓
𝐾𝑝1 𝑒𝑝 + 𝐾𝑣1 𝑒̇𝑝 ≥ 𝜃𝑚𝑎𝑥 ⁄𝑟0𝑓

(14)

−𝜔𝑚𝑎𝑥 ≥ 𝐾𝑝2 𝑒𝛼 + 𝐾𝑣2 𝑒̇𝛼
−𝜔𝑚𝑎𝑥 < 𝐾𝑝2 𝑒𝛼 + 𝐾𝑣2 𝑒̇𝛼 < 𝜔𝑚𝑎𝑥
𝐾𝑝2 𝑒𝛼 + 𝐾𝑣2 𝑒̇𝛼 ≥ 𝜔𝑚𝑎𝑥

(15)

where Kpj and Kvj are the proposed controller gains, θmax is a maximum velocity of the tractor
(point A0), ωmax is a maximum torsional velocity of the front wheel of the tractor, ep is a position
error (relative to the point A0), eα is an orientation error for the front wheel of the tractor. These
errors are showed in Fig. 4 and can be defined as:
𝑒𝑝 = √𝑒𝑥2 + 𝑒𝑦2
𝑒 = 𝑒𝛽 − 𝛽0 − 𝛼0𝑠
{ 𝛼

−𝑒𝑦
= arctg (
) − 𝛽0 − 𝛼0𝑠
𝑒𝑥

(16)

where the arctg function used above is a special function commonly known as arctg2, where
numerator and denominator can be distinguished. This allows obtaining an angle within the
range from -π to π. Position error components (ex, ey) are given as:
𝑒𝑥 = 𝑥𝐴0𝑑 − 𝑥𝐴0 = 𝑥𝐴𝑑 − 𝑥 − ℎ0 cos(𝛽0 )
{𝑒 = 𝑦
𝑦
𝐴0𝑑 − 𝑦𝐴0 = yAd − 𝑦 + ℎ0 sin(𝛽0 )

(17)

where xA0d, yA0d are the coordinates of a point moving along the reference path, xA0, yA0 are the
coordinates of point A0.

Figure 4: Current position of a tractor and errors relative to the A0 reference point.

4. SIMULATION
The developed simulation system includes a tractor as a tricycle model, which is common for
a logistic tractor and four trailers with the double Ackermann steering system. The selected
number of trolleys is common in logistic trains, and both enable clear visualization in a small
space. Simulations have been performed in Mathematica 12 (Wolfram, UK). The reference path
is assumed for the tractor A0 point. The controller gains of the proposed controller are selected
by trial and error as:
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𝐾𝑝1 = 100, 𝐾𝑣1 = 50, 𝐾𝑝2 = 500, 𝐾𝑣2 = 50

(18)

The geometric properties of the system are given in Table I. These geometric parameters
are assumed for the logistic reference train. For simulation, it was assumed that the maximum
velocity of the tractor θmax is 50/9 m/s (20 km/h – the most common maximum velocity of a
logistic tractor) and maximum torsional velocity of the front wheel of the tractor ωmax is π rad/s.
The simulations were performed for two different trajectories. The logistic train running time
in the simulation was 20 seconds. First one is a circle, and the latter is a shape of the eight. For
first scenario, trajectory is given as:
𝜋𝑡
𝜋𝑡
),𝑦
= 3 sin ( )
10 𝐴0𝑑
10

(19)

𝜋𝑡
𝜋𝑡
) , 𝑦𝐴0𝑑 = 2.5 sin ( )
10
5

(20)

𝑥𝐴0𝑑 = 3 cos (

and for the second scenario as:
𝑥𝐴0𝑑 = 5 sin (

The initial conditions are given according to the generalized coordinates, see Eq. (1), as:
𝐪(0) = [5 −5 0 0 0 0 0 0 0 0 0 0]𝑇
(21)
Table I: Geometric properties of the system.
Parameter

Value (m)
1
0.5
0.2
0.2
0.8
0.4
0.3

𝒉𝟎
𝒗𝟎
𝒓𝟎𝒇
𝒅𝟎 , 𝒅𝒊
𝒉𝒊
𝒅𝒑𝒊
𝒗𝒊

4.1 Scenario 1
Fig. 5 shows the tracking errors. In the initial stage, the position error increases (see Fig. 5 a).
This is due to the position and orientation controllers work simultaneously and limit the angular
velocity of wheel turning. As a result, the turning of the wheel did not have enough time to
reach the proper orientation, while the train was on its way.

Figure 5: Tracking errors, a) position and b) orientation error plotted as a function of time.

The orientation error tends to zero from the start of simulation (see Fig. 5 b). In Fig. 6 a, the
given and simulation trajectory of the tractor point A0 is presented. There is shown that the
tractor maintains its desired trajectory after reaching the reference point.
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a)

b)

Figure 6: Reference and simulation path: a) for a point A0 of the tractor, b) of the point Ci for each trailer
(the arrow visualizes the initial direction of motion).

The main purpose of the article is to analyse the trajectory of trailers as they are objects
which can potentially collide with the shopfloor infrastructure or personnel. The position of the
centre of each of the trailer is presented in Fig. 6 b. There is shown that the trailers with double
Ackermann steering system obtain very similar trajectories. The path discrepancies are
noticeable only in the case of a sharp turn that occurred at the beginning of the run. It is obvious
that the trailer centre is not capable of following the trajectory set for the centre of the front
wheel of the tractor during cornering. This is due to the different steering system between the
tractor and the trailers.
The deviation between this trajectory and the trailer centres is presented in Fig. 7. There is
also noticeable similarity of trajectories. From visual impression, a great similarity between
trailers trajectories can be noted. The shape of curve is noticeably different for the first trailer.
This is because the unit in front of it is not a trailer but a tractor with a different steering system.
The values stabilized at a very similar value for all trailers.

Figure 7: The closest distance between the point Ci and reference path.

In order to visualize the train during its run, the train is rendered for selected time frames as
showed in Fig. 8. This figure visualized a potential cause for the discrepancies in paths as
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presented earlier in Fig. 7. Point B0 cannot follow the reference path during a turn. This is due
to the distance h0 between the front wheel and the rear axle of the tractor (see Fig. 3 a).

Figure 8: The visualization of the train for selected time frames (the arrow indicates the initial direction
of motion).

4.2 Scenario 2
In Fig. 9, tracking errors are presented. The waveforms are similar to the previous one. In the
initial stage the position error increases in the same way as previous. In Fig. 10 a, the given and
simulation trajectory of the point A0 are shown. Despite the more complicated shape of the
trajectory than in the previous scenario, the tractor maintains the given trajectory. The location
of the centre of each of the trailers is presented in Fig. 10 b. For the eight shaped the similarity
of trajectories is also noticeable, but not as clearly as for the circular trajectory. This is due to
more complex shape and sharper manoeuvres.

Figure 9: Tracking errors, a) position and b) orientation error plotted as a function of time.

The visualization of the train for selected time frames is shown in Fig. 11. Due to the more
complicated shape of the trajectory, the deviation was not calculated. The deviation can be
estimated based on Fig. 10 b and Fig. 11. Fig. 11 shows that the distance h0 causes a greater
deviation between the reference path and the trajectories of the trailers for sharper turns. For a
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time equal to 4 s (green train), the train takes the sharpest turn of the whole route. For this
moment, the deviation for each trailer is the greatest.
b)

a)

Figure 10: Reference and simulation path: a) for a point A0 of the tractor, b) of the point Ci for each
trailer.

Figure 11: The visualization of the train for selected moments in time.

5. CONCLUSION
Kinematic modelling of the logistic train with n trailers with the double Ackermann steering
system for application with rides along a given trajectory was presented in this paper. Kinematic
model was based on the Jacobian matrix. In order to track the position of the train a PD
controller used, which was based on position and orientation errors. These errors were
calculated according to a reference point that moved in time. In the initial test, PID controller
was tested and no significant improvement was noted. The mere proportional controller itself
should ensure that the desired position is reached, but it cannot slow down sufficiently before
reaching the target position.
The kinematics of the double Ackermann steering system was analysed. The velocity
impact was not taken into account because geometrical parameters are sufficient to obtain the
trajectory only on the basis of kinematics. Dynamic parameters were not included as well,
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because no slip and the shortest computation time were assumed. The obtained results showed
that the trajectories of the trailer centre were similar. The centre of the trailers is not too close
to the path of the reference point. Using a different type of a drive, especially a differential drive
may solve this problem. In the case of a rear differential drive, the given trajectory should be
the reference path of the point B0 (centre of the rear axle). Changing geometric parameters can
also increase the similarity of covered trajectories. Merely changing the reference point to B0
and modifying the controller may also reduce the distance between the centre of the trailers and
the reference path. It is obvious that increasing the geometric parameters of the system will
require wider transportation roads. On the other hand, reducing them, especially the length of
the drawbars, may cause a collision between the trailers. It also reduces the manoeuvrability of
the train. Therefore, a balance between those two factors needs to be found.
The presented kinematic model can be surely used to analyse the trajectory of a logistic
train with a double Ackermann steering system. It allows determining whether the train is able
to pass the given route without a collision with shopfloor infrastructure. The developed model
provides a shorter computation time than dynamic models or a kinematic model with an
iterative calculation procedure. The expanded model with an advanced control system can be
used to control a real logistic train, and even an autonomous system.
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