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Abstract 

In this paper we compared two different solid angle formulations to determine the amount of cavitation 

potential energy that is transfer from a source to a surface. The first formulation used an analytical 

expression for the solid angle of a planar triangle while the second formulation used a fully continuous 

form of the solid angle projection approach which represents the surface specific impact power at a point 

location. The comparison was conducted on a NACA 0018-45 hydrofoil. A block-structured 

computational mesh was created in ICEM CFD. Transient simulations were performed in Ansys CFX 

where the SST turbulence model with Reboud’s correction was used. For the cavitation modelling the 

Schnerr-Sauer cavitation model with the recommended values was used. Result from Ansys CFX were 

imported into Matlab where the potential power applied to the surface was calculated for both 

formulations. The results of the study show that both formulations work well and predict similar 

locations where erosion occurred, the difference is in the absolute values which are significantly higher 

in the formulation that used the fully continuous form of the solid angle. 
(Received in February 2022, accepted in April 2022. This paper was with the authors 2 weeks for 1 revision.) 
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1. INTRODUCTION 

Cavitation is a phenomenon that occurs when a combination of low local static pressure and 

high velocities leads to pressures lower than the vapour pressure. Vapour structures occur in 

locations where the local pressure is below the vapour pressure. 

      In some areas cavitation can be beneficial, for example in the medical field for removal of 

kidney stones, however it is undesirable in engineering applications such as turbines, pumps, 

and rudders. Cavitation may cause deterioration in performance, vibrations and noise. 

Cavitation erosion occurs when the cavities collapse near the surface of a solid wall. Cavitation 

erosion is usually combined with other before mentioned unwanted cavitation effects. 

      The research of cavitation phenomenon dates to the late 19th and early 20th centuries. In 

1917, Lord Rayleigh [1] derived the equation for calculation of the pressure in a liquid during 

the collapse of a spherical bubble. In 1949, Plesset [2] upgraded this work by writing the 

differential equation of the dynamics of a spherical bubble, today known as the Rayleigh-Plesset 

equation. Mostly experimental research of cavitation damage was conducted during the 

theoretical research of the cavitation phenomenon. 

      Hammit [3] studied cavitation damage on the case of fluid flow through a Venturi channel 

and introduced the erosion model based on the energy spectrum of a vapour cavity. Vogel et al. 

[4] observed the dynamics of the collapse of a bubble along a solid wall and derived the equation 

for calculation of the potential energy of the collapse. 

      By the end of the 20th century, two hypotheses were known about the origin of cavitation 

damage. The first hypothesis followed the high value of the pressure in the liquid around the 

bubble as it was calculated by Lord Rayleigh [1]. The existence of a pressure wave was 

confirmed by many experimental studies, for example, by Harrison [5]. A second, “microjet” 

hypothesis was proposed by Kornfeld and Suvorov [6], while Plesset and Chapman [7] 
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predicted the microjet velocity numerically and claimed that a microjet can damage the 

material. 

      Based on the pressure wave hypothesis, Fortes Patella et al. [8] presented an approach to 

erosion assessment with an energy cascade that transfers the initial potential energy of large 

vapour structures to the smallest structures, and eventually to the surface walls. A key 

contribution was the definition of the potential power of cavitation structures based on the total 

derivative of potential energy. The model upgrade is described in a paper of Leclercq et al. [9], 

where all of the vapour structures, even those not in direct contact with the wall, were 

considered. In the paper by Carrat et al. [10] the results of numerical analysis, including the 

amplitude and frequency of the pressure waves, were presented and validated experimentally. 

Based on their findings, Schenke and Terwisga [11] proposed a model of forecasting the erosion 

threat where energy generated by the vapour structures is conserved and transferred to the wall 

surface via the pressure wave released after the collapse. They also introduced a continuous 

formulation of energy transfer from wall-distant structures to the wall surface. Li [12] 

introduced the erosion intensity function, which is based on pressure only. 

      Hu et al. [13] investigated the influence of the inlet attack angle on the cavitation evolution 

of a low-specific-speed centrifugal pump. The incipient location of the cavitation appeared on 

the suction side of the leading edge of the blade close to the tongue. The cavitation at the tongue 

of a centrifugal pump at overload conditions was investigated in the paper by Hu et al. [14] 

where it was concluded that the cavitation at the tongue not only enhances the pressure 

fluctuation in the volute, but also affects the blade loading distribution. 

2. GOVERNING EQUATIONS 

In CFX the homogenous mixture flow is governed by the following set of equations, phases are 

considered incompressible and share the same velocity field U. Continuity equation: 

∇ ∙ 𝑼 = 𝑚̇ (
1

𝜌l
+
1

𝜌v
) (1) 

where 𝑼 is the time averaged mixture velocity, 𝑚̇ is the interphase mass transfer rate due to 

cavitation, 𝜌v is the vapour density and 𝜌l is the liquid density. 

      Momentum equation for the liquid vapour mixture: 

𝜕(𝜌𝑼)

𝜕𝑡
+ ∇ ∙ (𝜌𝑼𝑼) = −∇𝑝 + ∇ ∙ ((𝜇 + 𝜇t)(∇𝑼 + (∇𝑼)

𝑇)) (2) 

where 𝜌 is the density of the water-vapour mixture, 𝑝 is the time averaged pressure, 𝜇 is the 

dynamic viscosity of the water-vapour mixture and 𝜇t is the turbulent viscosity. 

      Volume fraction equation for the liquid phase is defined as: 

𝜕𝛾

𝜕𝑡
+ ∇ ∙ (𝛾𝑼) =

𝑚̇

𝜌l
 (3) 

where 𝛾 is the water volume fraction. 

      The water volume fraction γ and vapour volume fraction 𝛼 are defined as: 

𝛾 =
liquid volume

total volume
;  𝛼 =

vapour volume

total volume
 (4) 

2.1  Turbulence model 

The SST turbulence model was proposed by Menter [15] and is a blend between the k-ω model 

for the region near the surface and k-ε model for the outer region. The model consists of a 

transformation of the k-ε model to a k-ω formulation. This is achieved by using a blending 

function F1. F1 is equal to one near the surface and decreases to a value of zero outside the 
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boundary layer. The turbulent viscosity is modified to account for the transport of the turbulent 

shear stress. The turbulent viscosity is defined as: 

𝜇𝑡 =
𝜌 𝑎1𝑘

max(𝑎1𝜔, 𝑆𝐹2)
 (5) 

where k is the turbulent kinetic energy, ω is the specific dissipation rate, 𝑆 is the strain rate 

magnitude, 𝑎1 is the constant (0.31 [15]) and 𝐹2 is the second blending function. 

      Two-equation turbulence models were developed for single phase flows, they tend to 

overestimate the turbulent viscosity in the region of transition between vapour and liquid phase 

and damp the unsteadiness of the cavitating regime [12]. 

      Reboud et al. [16] proposed a modification of the k-ε turbulence model by reducing the 

turbulent viscosity in order to take into account the suggested two-phase flow effects on the 

turbulent structures [12]. The density in the turbulent viscosity equation is now replaced with a 

density function and is written as: 

𝑓(𝜌) = 𝜌v +
(𝜌 − 𝜌v)

𝑛

(𝜌l − 𝜌v)
𝑛−1

 (6) 

where 𝜌 is the mixture density and 𝑛 is a constant (10 [12]). 

2.2  Cavitation model 

Schnerr and Sauer [17] assumed that the vapour structure is filled with spherical bubbles which 

are governed by the simplified Rayleigh-Plesset equation. The mass transfer rate in the Schnerr 

and Sauer model is proportional to 𝛼(1 − 𝛼): 

𝑚̇ =

{
 
 

 
 
𝐹vap

𝜌v𝜌l
𝜌
𝛼(1 − 𝛼)

3

𝑅B
√
2

3

𝑝v − 𝑝

𝜌l
  if  𝑝 < 𝑝v

𝐹cond
𝜌v𝜌l
𝜌
𝛼(1 − 𝛼)

3

𝑅B
√
2

3

𝑝 − 𝑝v
𝜌l

   if  𝑝 > 𝑝v

 (7) 

where 𝑝v is the vapour saturation pressure, 𝑅B is the bubble radius, 𝐹vap is the evaporation 

coefficient and 𝐹cond is the condensation coefficient. 

      The bubble radius is defined as: 

𝑅B = (
𝛼

1 − 𝛼

3

4𝜋𝑛B
)

1
3
 (8) 

where 𝑛𝐵 is the bubble number density. The recommended values for the two coefficients are 

𝐹vap = 1 and 𝐹cond = 0.2. The recommended value for the bubble number density is 𝑛B = 1013 

[12]. 

2.3  Cavitation erosion potential 

Based on the work of [9, 18], we can calculate the potential energy of vapour structures 𝐸pot 

as: 
𝐸pot = (𝑝 − 𝑝v)𝑉v (9) 

where 𝑉v is the volume of the vapour structure. 

      The potential power of vapour structures 𝑃pot for each cell can be separated in two terms, 

the first term takes into account the contribution of the void fraction derivative and the second 

term that takes into account the pressure derivative: 
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𝑃pot

𝑉cell
= −

1

𝑉cell

𝑑𝐸pot

𝑑𝑡
=
𝑃pot|𝑝=const.

𝑉cell
+
𝑃pot|𝛼=const.

𝑉cell
 (10) 

where 𝑉cell is the volume of an element. For the void fraction derivative term the potential 

power is defined as: 

𝑃pot|𝑝=const. = −(𝑝 − 𝑝v) (
𝑑𝑉v
𝑑𝑡
) (11) 

      The negative sign is needed to obtain a positive value for the instantaneous potential power, 

as only a reduction in cavitation erosion potential represents vapour cavity collapse, and only 

the collapse stage is considered in the model. We assume that the vapour structure is aggressive 

if 𝑃pot > 0. 

      The potential power density is defined as: 

𝑃pot|𝑝=const.

𝑉cell
= −(𝑝 − 𝑝v) (

𝑑𝛼

𝑑𝑡
) (12) 

      Inside the volume of an element 𝑉cell the vapour fraction is defined as: 

𝛼 =
𝑉v
𝑉cell

=
𝜌

𝜌l − 𝜌v
 (13) 

      If we take into account the Lagrangian time derivative: 

𝑑𝜌

𝑑𝑡
+ 𝜌 div(𝑼) = 0 (14) 

      From this we can conclude: 

𝑃pot|𝑝=const.

𝑉cell
= −(𝑝 − 𝑝v)

𝜌

𝜌l − 𝜌v
 div(𝑼) (15) 

      For the pressure derivative term the potential power is defined as: 

𝑃pot|𝛼=const.

𝑉cell
= −𝛼(

𝜕𝑝

𝜕𝑡
+ 𝑼 ∙ grad(𝑝)) (16) 

      We calculated both terms and came to the same conclusion as the other authors [9, 19] that 

the void derivative term is dominant ‖𝑃pot|𝛼=const.‖ ≪ ‖𝑃pot|𝑝=const.‖ and so the pressure 

derivative term can be ignored. 

2.4  Solid angle 

The solid angle 𝛺 is defined as the area that an element projects on a sphere divided by the 

radius of the sphere (see Fig. 1). 

 

Figure 1: a) solid angle for a planar triangle [20], b) solid angle for a quadrilateral surface. 

a) b) 
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      It is essentially a measure of the amount of the field of view and in our case it will quantify 

the distance and angle from an energy source to the surface element: 

𝛺 =
𝐴

𝑟2
 (17) 

where 𝐴 is the area on the sphere and 𝑟 is the sphere radius. 

      The analytical expression for the solid angle of a planar triangle was derived in [20] and is 

written as: 

tan (
1

2
𝛺) =

𝑅1⃗⃗⃗⃗ ∙ (𝑅2⃗⃗ ⃗⃗ × 𝑅3⃗⃗ ⃗⃗ )

𝑅1𝑅2𝑅3 + (𝑅1⃗⃗⃗⃗ ∙ 𝑅2⃗⃗ ⃗⃗ )𝑅3 + (𝑅1⃗⃗⃗⃗ ∙ 𝑅3⃗⃗ ⃗⃗ )𝑅2 + (𝑅2⃗⃗ ⃗⃗ ∙ 𝑅3⃗⃗ ⃗⃗ )𝑅1
 (18) 

      Leclerq et al. [9] used the above form to employ the solid angle to project the radiated power 

on a triangular surface element. Schenke et al. [21] used a different approach with a fully 

continuous form of the solid angle projection approach was, which represents the surface 

specific impact power at a point location and is defined as: 

𝛺 =
(𝑥⃑cell − 𝑥S) ∙ 𝑛⃑⃗

|𝑥⃑cell − 𝑥⃑S|
3

 (19) 

      Both formulations represent an energy conservative conversion of the potential power (see 

Fig. 2). 

 

Figure 2: a) fully continuous form of the solid angle, b) an illustration of the solid angle projection. 

2.5  Potential power applied to the surface 

Based on the work in [22] and [9] we can define the potential power applied to each surface 

element j and for all volume elements i as: 

𝑃matj 

Δ𝑆j
=

1

Δ𝑆j
 ∑

𝛺ij

4𝜋
𝑖|𝑋𝑠j𝑋𝑐𝑒𝑙𝑙i⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ∙𝑛j⃗⃗⃗⃗ >0

𝑃
poti

 (20) 

where Δ𝑆j is the area of a surface element, 𝑋𝑠j𝑋𝑐𝑒𝑙𝑙i⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   is the vector from the centre of the surface 

element j to the centre of the volume element i and 𝑛j⃗⃗  ⃗ is the normal vector of the surface element 

j. 

      We can then add up all the potential power applied to each surface for all the time steps and 

then divide by the number of time steps to get the mean loading 𝑃mean,mat which represent a 

qualitative representation of the eroded region: 

𝑃mean,mat 
Δ𝑆j

=
1

𝑁
 ∑

𝑃matj
Δ𝑆j

𝑁

𝑖=1

 (21) 

Ω 

𝑃pot 

𝑛⃑⃗ 

𝑃pot 

𝑥⃑S 

𝑥⃑cell 

a) b) 
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3. NUMERICAL TEST CASE AND SETUP 

3.1  Geometry 

The hydrodynamic profile NACA 0018-45 was chosen for this study, it is a modified four digit 

NACA 0018 profile which is indicated by the 45 digits. The chord length for the profile was 

defined at 60 mm and an angle of attack of 6.5 °. The size of the computational domain was 2 

chord lengths before the leading edge, 5 chord lengths after the leading edge and the height of 

the domain was 1.33 chord lengths. The width of the domain was set at 40 mm. 

3.2  Mesh 

For this study a block-structured mesh was created in ICEM CFD. The geometry of the 

hydrodynamic profile was defined with 214 elements while the whole profile surface had 7200 

elements. The final mesh had approximately 765.000 elements. For the elements near the profile 

surface the condition y+ < 1 was prioritised (see Fig. 3). 

 

Figure 3: a) surface mesh of the whole domain, b) a cropped area of the mesh, c) a close up of the leading 

edge. 

3.3  Boundary conditions 

The left surface was defined as an inlet with a normal velocity of 24.2 m/s. The right surface 

was defined as an outlet with a static pressure of 213.115 kPa. The bottom, top, side surfaces 

and the surface of the hydrodynamic profile were defined as no slip walls. 

      Transient simulations were conducted in Ansys CFX. The time step for the simulation was 

defined as 10-5 s. The convergence criterion for the RMS residuals was defined as 10-6. We 

defined the maximum number of iterations within a time step at 50. The SST turbulence model 

was used with the Reboud’s correction. For the Schnerr-Sauer cavitation model the default 

values for the coefficients were used. The vapour saturation pressure (𝑝𝑣) was set at 2811 Pa. 

      Results from Ansys CFX 2020 R2 were imported into Matlab 2021b where we calculated 

the mean potential power applied to each surface element. 
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4. RESULTS 

The total vapour volume in the computational domain is shown in Fig. 4 for the time interval 

0 s to 0.08 s. From the figure we can see that the total vapour volume in the domain changes 

periodically, which confirms the transient nature of the extent of cavitation. Within the 

simulated time multiple vapour cloud shedding events occurred, which allowed for a consistent 

analysis of cavitation erosion. 

 

Figure 4: Total vapour volume in the domain. 

      Based on the data from Fig. 4 we conducted a FFT analysis. The results show (see Fig. 5) a 

regular harmonic variation at a frequency of 59 Hz, which is comparable to results from 

literature [12]. 

 

Figure 5: Spectral analysis of the time history of the total vapour volume. 

      Based on the result seen in Fig. 6 the unsteady dynamics occur on the suction side as well 

as on the pressure side. The collapses mostly occur near the trailing edge, suggesting that high 

impacts are likely to occur in the trailing edge region. The basic phenomena during one 

shedding cycle can be characterized by the following 12 instantaneous plots of the iso-surface 

of 𝛼 = 0.1. 

• On the suction side a sheet cavity develops from the leading edge of the hydrofoil and 

continues to grow ①②. 

• The sheet cavity continues to grow on the suction side to about 90 % of the chord 

length③④⑤. 

• Vapour structures begin to form around the middle of the hydrofoil ⑥⑦. 

• The vapour structure begins shedding from the main cavity ⑧⑨, simultaneously on the 

pressure side small vapour structures are formed. 
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• The vapour structure detaches from the main cavity and collapses near the trailing edge, the 

suction side sheet cavity retreats towards the leading edge ⑩⑪. 

• The sheet has disappeared and one cycle is finished ⑫. 

 

Figure 6: Sequences of iso-surface plots of instantaneous vapour volume fraction of 𝛼 = 0.1 during one 

typical shedding cycle. 

      The sequences of iso-surface plots that were shown in the previous figure are also 

represented in Fig. 7 where the locations are marked on a graph of the total vapour volume in 

dependence of time. 

 

Figure 7: One shedding cycle with marked sequences of iso-surface plots. 
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ms 
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ms 
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ms 

5 t=57.05 

ms 

6 t=58.34 

ms 
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ms 
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ms 
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ms 

10 t=63.08 

ms 

11 t=63.65 

ms 

12 t=64.23 

ms 
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      Fig. 8 shows a plot of the solid angle for both the formulation used by Leclercq et al. and 

the formulation used by Schenke et al. The plot was limited for solid angles between 0 and 

0.1 sr, so we can better compare the distribution for both methods. The black square represents 

the chosen surface element. From the results in Fig. 8 we can conclude that the distribution for 

both methods looks very similar. 

 
Figure 8: Solid angle values for a) the method by Leclerq et al., b) the method by Schenke et al. 

      Fig. 9 shows a plot of the solid angle for both the formulation used by Leclercq et al. and 

the formulation used by Schenke et al. The plot was limited for solid angles between 1 – 10 sr 

and focused on solid angle values near the surface. The black square represents the chosen 

surface element. From the results in Fig. 9 we see that near the selected surface element the 

solid angle values differ and are higher in the formulation used by Schenke et al. The maximum 

solid angle value is at the element nearest to the selected surface element. For the formulation 

used by Schenke et al. the maximum solid angle value is 116610 sr. While the maximum value 

for the formulation used by Leclerq et al. is 6.24 sr, which is considerably lower. 

 
Figure 9: The figure shows solid angle values near the surface for a) the method used by Leclerq et al., 

b) the method used by Schenke et al. 

a) 

b) 

a) 

b) 
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      In Fig. 10 we see the mean potential power applied to the top surface of the hydrofoil for 

the formulation used by Leclerq et al. The locations with the highest values of the mean 

potential power applied to the surface are at the trailing edge which is in agreement with 

experimental results from literature [12]. In experimental results [12] from literature the erosion 

area was largely found on the trailing edge and in a smaller amount near the middle of the 

hydrofoil, which we did not see in our study. 

 

Figure 10: Mean potential power applied to the top surface of the hydrofoil [W/m2] for the formulation 

used by Leclerq et al. 

      In Fig. 11 we see the mean potential power applied to the surface for the formulation used 

by Shenke et al. The locations with the highest values of the mean potential power applied to 

the surface are at the trailing edge which is in agreement with experimental results from 

literature [12]. The locations with the highest values of the mean potential power applied to the 

surface do not differ significantly for both formulations. The difference is in the absolute values 

which are significantly higher in the formulation that used by Shenke et al. 

 

Figure 11: Mean potential power applied to the top surface of the hydrofoil [W/m2] for the formulation 

used by Shenke et al. 

5. CONCLUSION 

Transient simulations were performed in Ansys CFX with a time step of 10-5 s. From the 

simulation data we saw that the total vapour volume in the domain changes periodically, which 

confirms the transient nature of the extent of cavitation. Within the simulated time of 0.08 s 

multiple vapour cloud shedding events occurred, which allowed for a consistent analysis of 
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cavitation erosion. An FFT analysis was done on the total vapour volume data and the shedding 

frequency was calculated at 59 Hz, which is similar to results from literature [12]. 

      An appropriate description of cavitation dynamics is crucial. The Schnerr-Sauer cavitation 

model predicts the extent and dynamics of cavitation correctly. Based on the results the vapour 

structure collapses happened at or near the trailing edge so we can expect the cavitation erosion 

to be the highest at that location. 

      Result from the transient simulation in Ansys CFX were imported into Matlab where the 

mean potential power applied to the surface was calculated for both solid angle formulations. 

The applied model transfers potential energy from cavitation structures to the surface, is energy 

conservative, which makes it a good basis for predicting the response of various materials 

exposed to the phenomenon of cavitation. 

      The distribution for both formulations of the solid angle look very similar, while the solid 

angle values are also similar for elements that are not near the selected surface element. For 

solid angle values near the selected surface element there is a large discrepancy between the 

two formulations. For the formulation used by Schenke et al. the maximum solid angle value 

was 116610 sr. While the maximum value for the formulation used by Leclerq et al. is 6.24 sr, 

which is considerably lower. 

      Based on solid angle values we can estimate that the mean potential power applied to the 

surface will also be larger for the formulation used by Schenke et al., which is confirmed by 

our results. The locations with the highest values of the mean potential power applied to the 

surface are at the trailing edge and do not differ significantly for both formulations. Both 

formulations show good agreement with experimental results from literature [12], where the 

erosion area was largely found on the trailing edge and in a smaller amount near the middle of 

the hydrofoil, which we did not see in our study. In future work we can improve upon the study 

by adding a prediction for the cavitation erosion rate, which would require experimental 

verification and additional model calibration to correctly implement. 
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