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Abstract

In this work, we introduce a modelling and simulation process based on Matlab/Simulink for Petri nets
that considers inhibitor arcs and priorities of transitions, herein named eXtended Petri nets, for modelling
deterministic complex systems. The presented process comprises the method for modelling the system,
the functions for the import to Matlab of all the data structures that define a Petri net with inhibitory arcs
and priorities in transitions, and the functions to perform the simulation of the Petri net behaviour as a
Simulink block. We present an exploratory case study about Rate Monotonic Scheduling for tasks with
harmonic periods to show the complete modelling and simulation process. First, the scheduling system
is modelled with Renew editor and saved as a PNML file. Then, this file is read and transformed into a
Matlab data type. The produced data structures are the inputs to the proposed Simulink block, which
performs the dynamic of the eXtended Petri net. Finally, the outputs of the simulation help validate the
logical and temporal correctness of the scheduler model used as a case study. The concluding remarks
section provides a link for downloading and testing the simulation process.
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1. INTRODUCTION

Petri nets (PN) are a widely used formalism, first introduced by Carl Petri [1], to model and
validate a variety of systems from areas such as software, embedded systems, manufacturing,
biological, chemical, mechanical, robotics, management, and many others. Informally, a PN is
a bipartite graph composed of two types of nodes named places and transitions, representing
events and conditions, respectively. The system state is represented by tokens, which reside in
places and move between the places passing through transitions. Such dynamic is given by a
state equation, which considers the structure of the net, i.e., the connection of places and
transitions, as matrices. The mathematical representation and the graphical illustration provide
the PN framework's main advantage.

In the state of the art, there exist diverse proposals with variants or extensions of PN, e.g.,
general Place/Transition Petri nets [2], Input-Output Petri nets [3], nets that consider time in
transitions [4] or places [5], nets adapted to consider continuous time [6], hybrid nets combining
discrete and continuous time [7], stochastic Petri nets [8], heuristic Petri nets [9], nets
considering inhibitor arcs [10], nets with different types of priorities [11], and combination of
these proposals [12]. These variants of PN help to cope with a wide range of systems problems
such as controller design [13-15], system diagnosis [16, 17], reconfiguration systems [18, 19],
and many others, either for logical or temporal validity.

To take advantage of the modelling throughout any variant of PN, companies, academia,
and the community have proposed tools and software to model, simulate and analyse the system
net. As Alcaraz-Mejia and Campos-Rodriguez mentioned [20], there are a variety of PN tools
but only a few are based on Matlab/Simulink. Matlab/Simulink is a programming environment
used for simulation in many areas such as for scheduling [21] and simulation [22]. Specifically,
in PN area, Julvez et al. [23] present a review of the following tools for simulation of Petri nets
based on Matlab. Petri Net Toolbox and the Petri Net Simulink Block (PNSB), an extension for
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Petri Net Toolbox, are both introduced in [24] and [25]. PN toolbox is one of the most complete
tools based on Matlab and improved by the PNSB. This tool works with PN variants such as
those with time in places or transitions, and with hybrid PN that considers events and continuous
dynamics. In addition, it allows for the analysis of structural and behavioural properties, and
computing of T- and P-semiflows. The PNSB extension allows for the simulation of the
SimHPN simulator [26], and the HYbrid Petri Net Simulator (HYPENS) [27], but none of these
tools works with inhibitor arcs and priorities simultaneously, and in the case of priorities, they
only allow it as a probability of fire, which leads to a nondetermined behaviour.

In this work, we introduce a modelling and simulation process based on Matlab/Simulink
for Petri nets that considers inhibitor arcs and priorities in transitions herein named eXtended
Petri nets (XPN). For scientists and practitioners with experience in the use of Matlab, it may
be simpler and more useful to import all the data structures that define a Petri net with inhibitory
arcs and priorities in transitions, to use later the tools that Matlab provides. Additionally, with
these structures imported into Matlab, their simulation using Simulink is facilitated. To the best
of our knowledge, this is the first methodology providing some tools to ease the analysis of
XPN (including inhibit and priority functions) based on Matlab/Simulink.

To sum up, the contributions of this work include the following: (1) a definition of XPN
that consider prioritization on transitions besides inhibitor arcs, together with the induced
dynamic, to model and simulate deterministic complex systems; (2) a Matlab function to
transform XPN from PNML (Petri Net Marking Language) to Matlab data types; (3) a function
to implement the dynamic of the XPN; (4) a Simulink Block for the simulation of the XPN;
and, (5) a case study of a Rate Monotonic Scheduling for tasks with harmonic periods.

Then, the summary of the advantages of this work are:

A type of PN to model deterministic complex systems.

A guide for modelling XPN to save it as PNML.

A function to import the XPN as data in Matlab, then we can use all the functioning provided
by Matlab.

A function that implements the dynamics of XPN.

A basic Simulink block incorporating the dynamic of XPN, which works with the PN data
in the Matlab workspace.

The rest of the paper is organized as follows. Section 2 introduces the definition of eXtended
Petri nets and their dynamic. In section 3 a transformation of XPN from PNML to Matlab data
types is given. Section 4 presents the m-functions to support the import of the PN from a PNML
file. Section 5 presents the m-function to implement the dynamic from the eXtended Petri nets.
Section 6 shows the simulation framework in Simulink and the implementation results. Finally,
we provide our conclusions.

2. EXTENDED PETRI NETS

2.1 eXtended Petri net definition

The presented model uses an extension of Petri nets that consider a priority function [28] and
an inhibitor function [29, 30]. Now, we introduce the basic notions for Petri net modelling.

The structure of the eXtended PN (XPN) is a directed graph G={P, T, I, O, ¢, p}, where:
P={p1, p2, ..., pm} is a set of places with |P|=m, T={t1, to, ..., ta} is a set of transitions with
[T|=n, I: PXxT— W is an input function defining a flow relation from places to transitions,
O:PxT— W is an output function defining a flow relation from transitions to places,
¢. PxT — {1, 0} is an inhibitor function defining a flow blocking relation, and p: T — N is a
function defining the priority for the firing of transitions. N and W are the set of natural numbers
and whole numbers, respectively.
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Figure 1: XPN model considering inhibitor arcs and priorities.
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Figure 2: Input, Output, and Inhibitor Matrices for the XPN in Fig. 1.

Pictorially, places in a PN are circles, while transitions are rectangles. Tokens are dots, or
numbers, inside places representing a marked place. Input and output flow functions are the
weighted arcs from places to transitions and from transitions to places. Matrices Bin[i, j] = 1(pi, t;)
and Bout[i, j] = O(pi, tj) represent input and output flow functions, respectively. A line with an
initial small circle that goes from places to transitions denotes the inhibitor function. Matrix
Bnl[i, j] = #(pi, t;) represents the inhibitor function. Incidence matrix B = Bout— Bin and Inhibitor
matrix By define the structure of a PN.

The Marking function M(k) - W™, denoted as Mk, represents the state of the net at the k™
step indicating the number of tokens in every place. Special marking Mo represents the initial
state of the net. Index k increases on every event occurrence to provide a time basis. For
simplicity, we use M(i) to represent the number of tokens on place pi at event k.
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Fig. 1 shows an XPN model representing the behaviour of a simple monotonic rate
scheduler for two tasks. According to the model definition, P={p1, p, ..., p1s}, T={t1, {2, ..., t16},
p=A{(t1, 52), (t2, 52), (t3,48), (11, 47), (t5,55), (ts, 56), (t7, 57), (ts, 51), (to, 51), (t10, 52), (t11, 47),
(ti2, 49), (t13, 52), (t1a, 47), (t15,49)}, and Mo=[1 00000001101 0 1]". Functions I, O, ¢
are represented as Bin, Bout, Bn matrices, shown in Fig. 2. In the XPN in Fig. 1, segments A, B,
C, D, E, and F show the submodels for a timer, an OS tick flag, a binary counter, background
task, the CPU, and two main tasks, respectively. Notice that considering the sole structure of a
PN model without priorities or inhibitor arcs, the net dynamic describes a behaviour, which is
more complex than the desired one for a model representing a static monotonic rate scheduling.
This is due to the nondeterminism of enabled transitions at the same step k. For example,
considering the initial marking Mo in the XPN in Fig. 1 both transitions t; and ty are enabled,
where anyone could be fired in the case there is no priority information. As we saw in the
introduction section, some modelling and simulation tools provide different techniques to solve
this conflict, such as probability or manual selection of the transition to fire. In both cases, the
conflict is solved, nevertheless, the model’s behaviour is still nondeterministic.

There are two main cases to consider in this work. First, to solve the nondeterminism of
enabled transitions at the same step k. Second, to solve the enabling of transitions when a
condition does not hold, this is, by the absence of a mark in a place. The presented XPN models
can address both cases by using priorities of transitions and inhibitor arcs. In addition, we
provide all the information to model and simulate XPN models using generic PNML file
compatible editors and Matlab/Simulink.

Before introducing the dynamics of XPN models, consider the dynamic of the
Place/Transition Petri net as described by the following equation:

Mk+1 :Mk+Buk (1)

where vector My is the state of the system at time k; the Parikh vector uxe W" represents the
enabled transition at marking My; B is the incidence matrix; M-1 is the next reached state.

From the initial marking Mo, we should find the enabled transitions considering that one
marking may enable one or more transitions for firing. Transition firings produce a token
evolution. A transition tjeT is enabled at My, denoted [Mk)t;, if it fulfils that:

My = By, < t; > (2)

where <t;>cW" with 1 in the j" position and 0 otherwise.

Therefore, for a transition tjeT to be fired using Eqg. (1), t; must be enabled, i.e., holding
Eg. (2), and, since the marking Mx may enable more than one transition, i.e., there is
nondeterminism, we need one policy to decide which one of them must be fired first.

As mentioned before, the dynamic of an XPN differs from those of Place/Transition Petri
nets. In the following section, it is presented the new dynamic induced using inhibitor arcs and
priorities of transitions.

See [2, 31, 32] for more information on PN theory.

2.2 eXtended Petri nets dynamics

The marking evolution for XPN uses Eq. (1); nevertheless, to compute the set of enabled
transitions from the current net marking M, a transition must fulfil Eq. (2) and, additionally,
the transition should not be inhibited from the marking Mk holding that:

this is, Mk(i)-#(pi, tj) =0, Vie{d, ..., m}. In other words, if Eq. (2) holds, then no transition is
inhibited by marking My, otherwise, transition t; is inhibited and it cannot be fired. For a set of
enabled transitions, e.g., {ti, tj, ..., tr}, at My, we use the notation [M«){ti, t;, ..., tr}.
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After computing the set of enabled transitions, we should consider the priorities of
transitions to decide which one should be fired. The following algorithm describes the complete
process to compute the dynamics of an XPN model considering Egs. (1) to (3) and the priority
function.

Algorithm 1. Compute XPN dynamics with priorities
Let (G, Mo) be the XPN to compute the dynamic with Mo as initial marking, B the incidence
matrix, ¢ the inhibitor function and p the priority function over T.

While continuing the dynamic of the XPN, compute the following:

Step1.  For My, compute the partially ordered set {T}« = {tp, tg, ..., tu} of all enabled
transitions from My, i.e, tie{T} if and only if Eq. (2) and Eq. (3) hold for My and t;,
ordered by p from highest priority to lowest priority, i.e., p(tp) > p(tq) > -+ > p(tu).

Step 2. lterate for every tje{T}« in strict order, until {Th = &:

a) if Eq. (2) and Eq. (3) hold for Mk and t;, i.e., [Mk)t;, then:
1) Compute next marking Mk+1 by using Eq. (1) with uk= <t>
1) Make Mk <~ Mk+1
b) Update {T}:
1) Compute {Th1={TH—{t;}
i) Make {Th={Th+1

To show how the XPN dynamic is impacted by inhibitor arcs and by priorities, let us study
the next example by following Algorithm 1. Let Mo be the initial marking for XPN in Fig. 1
such that t1 and to are the only two enabled transitions, i.e., [Mo){t1, to}. According to priority
function, p(t1) > p(te), then {T}o={t1, to} by Step 1. Thus, t1 fires by applying Eq. (1) to reach a
new marking M1 = Mo + B<t;>=[0100000011010 1]" by Step2a, then
{Th ={T}o—{t1} ={to} by Step 2b. Since [M1)ty, then to fires to reach a new marking M2 by
Step 24a, and now{T}>={T} —{te} = by Step 2b.

At this point, the iterative condition in Step 2 breaks, and we continue with Step 1 where
[M2)t2 and, then {T}2 = {t-}. Now, t> fires to reach marking Mz by Step 2 a, and {T}3 =9 by
Step 2 b. Iterative condition in Step 2 breaks, then we continue with Step 1 where [Ms)ts, and
{T}s2={ts}. Transition t4 models the counting of a Timer that fires repeatedly until ps holds s
tokens, i.e, the timer overflows (with s number of intermediate markings, s=2 in this example),
to end in a new marking, say Ma, such that Ms){ts, t4}, then {T}4 = {ts, ta} by Step 1. Thus, t3
fires to reach a new marking Ms by Step2a, and {T}s = {ts} by Step 2b. Nevertheless, the
condition in Step 2 a does not hold since the new marking Ms disables the firing of t4. Then, the
algorithm continues again at Step 1 from Ms.

ConsideringMs=[10011000110101]". Thus, {T}s = {t1, ts}, since [Ms){t1, ts} and
p(t) > p(ts), i.e., marking Ms enables the firing of both t1 and te, and the priority of t1 is higher
than that of ts. In this case, tg fires to reach a new marking Mg, and {T}s = {t1}. Since [Me)t1,
then t; fires to reach M7=[010010001 1010 1]". At this marking, transitions t2, ts and tio
are enabled, i.e., [M7){to, t1o, to}.

Notice that t> and tio have the same priority and te has the least priority among the three,
i.e., p(t2) =p(two) > p(te). Thus, {T}7 ={t2, t1o, to} ={t10,-t2,-to}. In this case, the simulation process
fires t2 and tio in any order. Perhaps, if the system requires the firing of t> and tio to be
deterministic, the priority of the one that must be fired first should be greater, e.g., by assigning
p(t2) =54.

Observe that firing tio disables the firing of te, which is the desired behaviour for the
scheduler, i.e., the execution of main tasks has priority over background tasks. The firing of t3
causes the interrupt service routine (ISR) to execute, which increments the Counter (ps) and
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turns on the OS tick flag (ps). When the OS Tick flag is true (p4), the scheduler checks if one
of the main tasks is ready to start (firing tio or t13). If such a case, the scheduler runs the activated
task (either p11 or p13). Otherwise, the background task (ps) returns to its running state (ps).

By comparing the dynamics of both XPN and the Petri net without inhibitor arcs and
priorities of transitions, we can notice that only XPN is capable of being deterministic. This is
an important property for our example system as well as for many complex systems.

3. XPN FROM PNML TO MATLAB DATA

The modelling and simulation process for XPN models is outlined in Fig. 3. In the following
sections, the complete process is presented in detail.

Step 1: MODEL Step 2: TRANSFORM Step 3: SIMULATE

— -

sUse the provided m-

XPN Modelling based
on PNML

-’

+Open the provided sConnect the outputs

sUse a PN editor

PNML compatible to 7 function to convert XPN Block in from places or
save the XPN as the XPN saved as Simulink transitions toa
PNMLfile PNMLfile into sChange the block corresponding
Matlab Data parameter Ouputs Scope Block to
Structures of the Demux Block visualize the
to |P|+|T]| behaviour

Figure 3: Modelling and simulation process of XPN.
3.1 XPN model as PNML

PNML (Petri Net Marking Language) is an XML-based format defined by the standard
ISO/IEC 15909 Part 2 [33]. Implementing this standard allows one to model PN in one editor
software or tool, save it as a PNML format, and make it compatible with other software
applications or tools based on this format.

In this work, we use the tool called renew as a PN editor [34]. It is based on Java and is easy
to install and use for our modelling purposes. The PN editor does not allow including priority
information, nevertheless, we can include it as an annotation for the transitions, and then export
the PN model as a PNML file. For further information about this tool, the authors refer to [34].

Fig. 1 shows an example of the PN model using renew and including the priority
information as an annotation for transitions. These annotations appear as text tags for transitions
on the PNML file.

3.2 Transform from PNML to MATLAB data structures

Once the Petri net model is saved as a PNML file then it is transformed into MATLAB data
structures to exploit the functionalities provided by MATLAB. We can implement m-functions
to analyse the net, use algebra in the command line, or use any other MATLAB functionality.
Moreover, we can use Simulink for simulation purposes as explained later.

The herein proposed m-function to extract XPN data structures from the PNML file is
named MfromPNML with the name of the PNML file (*.pnml) as input and Bin, Bout, Bn, Mo,
Prio, and | as outputs. Prio is a transposed matrix-vector representing the priority function p
for every n transition in the XPN, and I is a transposed, unitary, matrix-vector of size n created
to help in the XPN block simulation, as we will show it later. The first step of the m function
uses the xml2struct.m function published by Falkena [35]. In the conclusion section, there is a
link to download the XPN example as a PNML file and the m function MfromPNML as an M
file.
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4. XPN SIMULATION RESULTS
4.1 Dynamics of the XPN Matlab block

Fig. 4a shows an overview of the implemented blocks in Simulink. The simulation model
shows one input (I) and three outputs (State, Parallel Transitions, Sequence of Fired
Transitions). | is a unitary, matrix-vector of size n to support the selection of the places for PN
driven by an input signal (not used in this work). The state is the marking on every place at
every simulation step. We use a Demux block to separate the m = 14 outputs for the example
here presented, one output for each place, and then we connect each one to a scope block that
shows the behaviour of the corresponding place.

Fig. 4 b shows the composed Block for an XPN Block. Input 1 to XPN Block is not used in
this work, but it is useful for nets driven by input signals, such as interpreted Petri nets shown
in [16]. The main block is the XPN, which is based on an M file S function named my_xpn.m
that implements the dynamic of the net. The link for the files of the Simulink model named
XPN_Simulink_Model.slIx, and the required m function, is provided in the Conclusion section.

11_p11_Task1_Run D
12_p12_Task1_ldle Tasks Run State

l:'i- 1 Parallel

Sequence of Fired
XPN

13_p13_Task2_Run

B

Parallel Transitions

14_p14_Task2_Idle Tasks Idle State

a)

1_t1_Timer_Init

2_12_Timer_Start

3_t3 Timer_ISR

4_14_Counting_tick

(1) state
Parallel Transitions
1 ) XPN Dynamic
3 Sequence of Fired Transitions

b)

Figure 4: Simulink framework overview: a) Partial blocks configuration, b) XPN Dynamic block.
4.2 Simulation example

The outputs obtained after simulating the XPN_Simulink_Model for 100 discrete steps for the
counter status, the tasks activation and running, and CPU idle periods are shown in Fig. 5 a,
Fig. 5b, and Fig. 5c¢, respectively. Notice that every place in Fig. 1 Block C is a digit, i.e., ps is
the Least Significant Bit (LSB) and p- is the Most Significant Bit (MSB). Every ISR from the
timer (t3) increments the counter by adding one mark in the LSB (ps) of the binary counter.
Observe in Fig. 5a that ps changes immediately to O right after it gets 2 marks, which makes ps
change to 1, and the same behaviour maintains from ps to p7.

Observe in Fig. 5b that Task 1 activates every time that the counter has 1 mark in place ps,
0 marks in place pe, and either 0 or 1 mark in p7, as pointed out by the red dashed vertical line;
and Task 2 activates every time that the counter has 1 mark in place ps, 1 mark in place ps, and
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0 marks in p7, as pointed out by the orange long-dash vertical line. This activation policy assures
a rate of monotonic scheduling for task 1 and task 2, represented by places p11 and p13 in block
F, in the same figure. Correspondingly, the start of CPU usage is marked just when a task is
activated, as shown in Fig. 5 ¢, and pointed out by the vertical lines.
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Figure 5: XPN Simulation outputs to visualize: a) the binary counting status, b) the activation and
running period of tasks, and c) the CPU idle periods.

The analysis of logic correctness as well as temporal analysis is one of the main advantages
that brings the herein proposed methodology of modelling and simulation of XPN models using
Matlab/Simulink. The analysis of output results from Fig. 5a allows us to confirm that the
counter is binary counting correctly and to validate that every task is activated and running at
the time (step) we expect, as shown in Fig. 5b. Additionally, with an appropriate analysis of
the outputs shown in Fig. 5c, we can find the CPU usage as well.

6. CONCLUSION

This work presented a methodology to work with Petri nets that includes inhibitor arcs and
priority functions by using Matlab data structures and Simulink. One of the main objectives to
work with priorities on transitions is to address the nondeterminism induced when there is more
than one enabled transition from one single marking or state of the system net. Additionally,
working with inhibitor arcs eases the modelling by allowing us to block some firings from
unmarked places. First, we presented a definition for a type of extension of Petri nets models,
named XPN, which considers prioritization on transitions, and inhibitor and bidirectional arcs,
to model and simulate complex systems. Second, we provided equations and the algorithms for
the dynamics of the XPN induced by inhibitor arcs and prioritization of transitions. Then, we
introduced the m-functions to transform XPN from PNML to Matlab data types and for the
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dynamics of the XPN. Later, we presented the Simulink block configuration to perform the
simulation of XPN by using the XPN dynamics algorithm herein presented. Finally, we showed
an exploratory case study Rate Monotonic Scheduling for two tasks with harmonic periods to
show the complete modelling and simulation process, as well as to revise some simulation
results that we can obtain by using the Simulink block configuration presented. The simulation
process can be extended to other types of Petri nets. The PNML file of the XPN example model,
the m functions and the Simulink model presented in this work are found in
https://la.mathworks.com/matlabcentral/fileexchange/123840-simulation-of-xpn-models.
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